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Introduction

In atechnical elective CAD course (MEEN 619) in Department of Mechanical Engineering,
North Carolina A& T State University, fundamentals of computer graphics typically account for
about one-third of the course material. CAD software-IDEAS and finite element analysis are the
other subjectsin this course. Introduction of computer graphics addresses, among other topics,
geometric transformation and parametric curves and surfaces, including B-spline and Bezier
curves. These subjects applied to the design of airfoils, auto bodies and ship hulls, as well asto
commercia advertising and movie making. Without good understanding of these graphics fun-
damentals, CAD users can not effectively use associated tools.

Most textbooks [1-4] covering these graphics subjects are primarily written for computer science
majors. Algorithms to implement these concepts are efficient but difficult to be programmed in
the conventional programming languages that engineering students are familiar with. Many en-
gineering students fedl the complex mathematical expressions and programs hinder the learning
of these concepts.

MATLAB [5] isapowerful environment for linear algebrawith graphical presentation [6], and
isavailable on awide range of computer platforms. Unlike a general -purpose language,
MATLAB development goes much faster and code is dramatically shorter. In some regards, it is
a higher language than most common programming languages like C or FORTRAN. MATLAB
istherefore a great computation environment for learning the fundamentals of computer graph-
ics. Many MATLAB files have been developed in the past few years by the author and his stu-
dentsto help effectively presenting key concepts and visualizing these mathematical expres-
sions.

Parametric Representation of Analytical Curves

Parametric representation of curves and surfaces is a foundation of computer graphics. It is eas-
ier to introduce this format with an analytical curve, an arc of acircle for example. Cartesian
form of the equation of an arc of a circle can be expressed as the equation of a circle with joint
angle constraints:

X =r cos6 (1)
y=rsinf
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The angle range can also be represented in a parametric form as.
6 =6, +u(6, -6,)
O<u<i
Equation (1) can then be rewritten in the parametric form:
Xx=rcos(6, +u(6;, —6;p))
=rsin(@, +u(@, -6
y (6o +u( 10S(L))Sl @)

Equation (2) shows that parametric form is effective and elegant to represent a segment of an
analytic curve.

Parametric Representation of Synthetic Curves

Different forms of spline curves, which are parametric representation of synthetic curves, are
important parts of all computer drawing or computer-aided design software packages which in-
clude: Microsoft Office Draw, Microsoft Paint, CorelDraw, AutoCAD, I-DEAS, and ProEngi-
neer. Additionally, Postscript fonts are stored as spline curves. Although these curves are widely
available, they are not intuitive to many users. On-line help of these software packages do not
effectively guide users on the characteristics of these curves.

Bezier Curves

A Bezier curve can be expressed as.

p(u) = ipi Bin(u) Osu<il
1=0

n!

Bin (W= 5hs

ui (1_ u)n—i

where p; is the position vector of a control point. The order of the curve, n, isthe highest order
of parameter u. The number of control points and their positions define a curve. Figures 1-3 rep-
resent three different Greek alphabetical characters. Figures 4-5 show two different mathemati-
cal symbols.

Through these examples, characteristics of a Bezier curve like endpoint interpolation, tangent
conditions, and convex hull property can be demonstrated. Note that the lines connecting the
control points are shown in these figures as the control polygons. Figures 6 and 7 show the same
Greek alphabetical character (delta) represented by seven and nine control points respectively.
Note that the with additional control points, the curve becomes smoother.
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6th Order Bezier Cune Representation of Greek Letter Beta
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Figure 1 Alpha — with Five Control Points  Figure 2 Beta — with Seven Control
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Figure 3 Phi — with Seven Control Points
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Figure 4 Partial Differential Sign — with Figure 5 Integral Sign — with Seven Control
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6th Order Bezier Curve Representation of Greek Letter Delta

6 8th Order Bezier Curve Representation of Delta
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Figure 6 Delta — with Seven Control Points Figure 7 Delta — with Nine Control Points

Bezier Surfaces

A Bezier surface is an extension of a one-dimensional Bezier curve to two parameters u and v,
and can be expressed as:

n m
p(u,v):Z Zpij B ,(U)B;n(v) 0susl,0svs<l
=0 |=

Bin(U) =t (A=)
’ i'(n—i)!

m! . m—i
Bj,m(V):mVJ(l‘V) :

Figure 8 shows a sunvisor modeled with a Bezier surface. MATLAB can display a surface with a
mesh grid, as in this figure, or by a smooth surface with different colors, similar to what com-
mercial CAD packages can provide.

Sx5 Bezier Surface of a Sunvisor

Figure 8 A Sunvisor with 36 control points
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B-Spline Curves

B-spline curves have properties similar to those of Bezier curves. The parametric form of the
equation can be expressed as.

n
pU)=) Nj(Up; O0=susuyy

=
Theorder of curveis k-1.
Thenumber of control points is n+1.
Thecontrol pointsare  pg,...,P p-
The upper bound of the parameter uisu, .
Knotsvector is from u, to u,,, andisdefinedas:
g 0 j<k
uj :E[j—k+1 k<j<n
H n-k+2 j>n
Recursiveformulation of the coefficient can beexpressed as:
N; k-1 (U) (U L) Nisg k-1 (U)

Ni'k(U):(u_Ui)(ui+k—1_Ui) m

One important feature of B-spline curvesisthe order of a curve isindependent of the number of
control points. Because of this characteristic, local control of a curve, as composed to global
control, is possible.

Figures 9 and 10 respectively show a fourth and a second order B-spline curve representing a
Greek alphabetical character (beta) with identical control points. Note that the fourth order curve
is smoother, neater, and farther away from the control polygon than the second order curve.

4th Order B-Spline Cune of beta
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Figure 9 Beta —%order B-Spline Figure 10 Beta ™2rder B-Spline

Homogeneous Transfor mation

P*=[T] P (3)
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P can be a single position vector, or a collection of vectors defining curves, surfaces, and solids.
The transformation matrix [T] can be represented as:

Otz U3 t14g
[T]:Bﬂ tr o3 |tog oy TZS
1
g ta tas |ty Os U

B41 ty tas[ta

The 3x3 submatrix [T4] is used for scaling, reflection, or rotation; the 3x1 column vector [T 5]
generates tranglation; the 1x3 row vector [T 3] produces perspective projection. Figure 11 shows
awedge reflected about xz-plane with the following transformation matrix:

+1 0 0 OO
O O
[T] _ EJO 1 0 OI:I
EO 0 -1 Og
0 0 0 1

Figure 11 Reflection of a wedge about xz-plane.

Two consecutive transformations with Equation (3) can be combined as:
P*=[T][T]P (4)

If the order of transformation [T,] and [T»] is exchanged, the result is different. In Figure 12, the
wedge is rotated 30° anti-clockwise about the y-axis and then trandlated 2 unitsin the x-
direction and 1 unit in the z-direction. Figure 13 shows the wedge being translated the same
distance and then rotated the same angle. Note the difference of final wedge position and ori-
entation of these two different transformations.

Website for Computer Graphics

To ease the learning on fundamentals of computer graphics, many MATLAB files have been
posted on a website established for this CAD course. Students can download these files as a ba-

sisfor their assignments. Interesting files created by students are then uploaded to the website to
broaden the collection.
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The website is built with Microsoft Internet Explorer 4.0 to integrate Word documents and
MATLAB files. The advantage of this web browser is that there is no need to convert Word
documents to the HTML format. Therefore, class notes and homework assignments can be easily
posted on the web.

Figure 12 Rotation Followed by Trandlation Figure 13 Trandlation Followed by Rotation
Discussion

All files illustrated in this paper are derived from students’ work. All MATLAB files can be ac-
cessed from the website through the hyperlink. The website invites students to explore the geo-
metric transformation and characteristics of the synthetic curves and surfaces, and the feedback
has been positive. Students are primarily enthused by the interactive learning which can be pur-
sued at their leisure and by files that can be downloaded to their home PCs. Their feedback
helped guide the further development of this website.

Sample files help students who do not have sufficient background in MATLAB. Through these
examples, students developed more interesting work. Future work is toward interactive files
similar to those by Rockwood and Chambers [7], which is developed in a different language en-
vironment, and the result will be collected in a CD for dissemination
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