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A physical model for the dot product:

Does it improve learning of Vector Mechanics?

Introduction

By the end of the 20" century, it became widely recognized that a paradigm shift in
engineering education would have to be made'. Active learning, problem-based learning, peer
collaboration and other approaches have been emphasized due to their inherent appeal to the
diversity of learning styles® in today's classrooms. The temptation to teach as others have
taught us is great, and preparing lecture notes to deliver on the chalkboard is natural in a
room designed for traditional lecturing. But routine practice leads to boredom, so we soon
find ourselves digging for better ways of doing things. The quest is not hard as one can easily
stumble upon writings that inform us how to become better teachers™*.

A hybrid approach for teaching statics is a promising way to improve learning of engineering
sophomore students™°. Teaching a generation growing in the information age (the net
generation) presents a challenge that we still do not fully understand. Nathan reports on the
use of multimedia tools as a way to connect with students and enhance their learning
experience’ whereas Dollar and Steif focus on building objects to explore concepts of a
learning module®. Soler and Rabelo offer an intriguing demonstration to excite students on
the concept of equilibrium’. While we generally accept such approaches as better than
traditional lecturing, attempts to quantify better learning -- as opposed to qualify it -- are not
clear cut. Some studies rely solely on statistical analyses while others are based on pre- and
post-tests, and there are other approaches. Lack of an established methodology seems to be a
problem in engineering education research. There is recent evidence of problem-solving skill
improvement of 2-D situations using paper and pencil solutions, video recordings, and
statistical analyses'’. Such studies depend on the availability of representative samples and
are not always straightforward to accomplish.

Engineering mechanics (statics and dynamics) classes are usually required from all
engineering majors in universities around the world. They are the first encounters a student
has with the engineering method of solving problems. An important skill to be a successful
statics problem-solver is spatial visualization. Sorby and Baartmans have established that
male students are ahead of their female counterparts on this skill''. They have shown that
introductory spatial visualization classes help reduce this gender gap. On the other hand,
Shryock et. al. have provided calculus and physics mechanics skills needed to be successful
in sophomore statics and dynamics courses'?. Here there is apparently no gender preference.
Lesko et. al. have explored the use of physical models of trusses, beams, and structures in
general to help solving statics problems", but, to our knowledge, none has explored a
fundamental concept like the dot product, and related it to a concrete experience. It turns out
that the dot product is an important vector algebra property that many people take for granted
as a purely mathematical concept. Our hope is that relating its calculation with an actual
measurement of its result provides confidence and awe on its applicability.
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The rest of the paper presents the original problem that motivated our investigation and the
analysis performed last semester. After introducing the physical model, the way it was used
to energize learning is presented. We discuss how errors made by students on test day can be
related to gender and to being in class when the model was shown.

Method

Shames provides the motivation for the physical model'. Its vector algebra chapter presents a
mature treatment emphasizing 3-D vector representations. Figure 1 is from the original
problem. It asks one to calculate the projection of the 500 N force along the diagonal from B
to A. As emphasized by Roberts, the two important quantities that students must become
familiar with in an introductory statics course are distance (length) and force'®. There is no
difficulty in visualizing length as a position or a displacement vector. However, a force vector
is more difficult to visualize. We can fee/ the effect of its application, but we can rarely see
the force itself. Since our intent is to offer a tangible application for the scalar product, we
modified the original problem to calculate the projection of a position vector instead.
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Figure 1: The textbook figure of the original problem'.

The new problem illustration is shown on figure 2 along with the physical model built. The

problem now becomes one of determining the rectangular component of the position vector T

along the direction of the displacement vector d. This component is the black portion of the

diagonal painted on the white string. Note the fishing lines coming out of the start and of the
end of the yellow vector. They attach to the white thick string making a 90° angle with it.

Measuring the length of the black portion gives the numerical value of 7 - d (H being a unit

vector). It provides a compelling visual evidence for the dot product concept.
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Figure 2: (a) The modified figure and (b) the physical model'®

Generally, the solution to this problem requires four steps. First, students need to recognize
the use of the dot product to find the projection of 7 on d. Then they need to conceptualize

how to perform the scalar product, that is, obtain r:if, express 7 in terms of i, Jand E, and

finally operate the scalar product. In effect:
T=40i+507+50k (cm); d=-0.49241+0.6155] —0.6155 k (no units)

7-d =-19.69 + 30.78 — 30.78 = -19.69 (cm)

The minus sign serves to remind us that the scalar component of v along d is in the opposite

direction of d itself.

We used this problem with a class size of 43. The problem’s solution was highlighted on the
chalkboard, time was given for students to copy it, and the prototype was brought to the front
table and used to measure the 20 cm length of the black portion of the string. Two and a half

weeks later, the same problem was given on the midterm exam with a slight modification: &

was chosen along a different diagonal. Admittedly, this is not an easy problem. It requires
high-level thinking skills and proficiency with vector operations. Both traits are acquired with
time and practice.

Assessment

The grading revealed that only 42% of the class solved the problem correctly (18 students).
The mistakes made by the rest of the class were put in four different categories: 1) show the
result as a vector (19 students); 2) try to solve as learned in previous math class (2 students);
3) sign error that prevented reaching correct numerical value (2 students) and; 4)
misconception on the problem (2 students). In what follows, we illustrate samples of student
work in each of these categories.
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We show the breakdown between male and female students on table 1. This is according to
how they did on the exam problem, and if they were in class or not when the topic was
covered and the prototype was shown. Note that all the 11 students missing class made some
type of error. The “GPA-equivalent” for each group is also shown. This is a performance
index calculated for each student that takes into account all grades received up to that point in
their programs. This index also takes into account the roll calls for each class as an aggregate.

Table 1. Performance of students on test day. Values in red are for those missing class.
Decimal numbers are the GPA-equivalents on a 0 to 1 scale. For the “No error” (Male
and Female) and “Error 1” (only Male) types, average GPA-equivalents are given.
Others are individual values.

Male Female
No error 9 (0.66) 9 (0.66)
Error 1 8 + 8 (0.51 and 0.54) 2 +1 (0.53 and 0.54; 0.67)
Error 2 2 (0.62 and 0.63) 0
Error 3 1 (0.56) 1 (0.62)
Error 4 1 (0.55) 1 (0.64)
Total 29 14

With error type 1, the problem was reporting the answer as a vector. Students expressed T and

d correctly but on performing the dot product they kept a vector expression. In effect:
7-d =-19.69 1+30.78 / - 30.78 k

Error type 2 showed evidence of performing the dot product as typically learned in math
classes. It was apparently a problem of lack of attention in converting units rather than with
the way the calculation was performed.

roi 7 (4,5,5) (—0.4924,0.6155,~0.6155)  —1.96+3.08—3.08 ,
dfTOI T = 1545242 +0.6155% +0.61557) /2 — 0.59 = 1.98 (no units)

Sign errors are common during timed exams and they do not necessarily reflect a conceptual
problem if all else is in order. For error type 3, a student had the unit vector d with sign errors

that prevented reaching the final correct numerical answer. Or:
d=0.49241+0.6155 +0.6155 k
Which lead to,
7-d =19.69 +30.78 + 30.78 = 81.25 (cm)

Finally, only 2 students were classified as having error type 4. One student expressed the dot

product as 7 - d, or:

#.d=(049247 + 06155f + 0.6155k).(—049247 + 0.6155j— 0.6155k)
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And the final result,
# - d =-0.2425 (no units)
Discussion

Our study is limited in at least two fronts: 1) we have a small sample size (43 students) and;
2) our methodology is essentially observational (quasi-experiment)'’. Pillati et. al. emphasize
the need to incorporate psychometric measures in educational research studies'®. Lack of
these measures may cast doubt on data reliability and internal consistency, as well as on the
validity of the conclusions. However, we feel that a bigger sample size would be required to
incorporate these measures in our analysis. While we bear these limitations in mind, some
reflections on the assessment performed are given below.

As a group, female students gained more from the concrete experience than their male
counterparts. Here, 64% of them solved the problem correctly compared with only 31% of
males. This might suggest the physical model is helping these students improve their spatial
visualization skills, which in turn help them become better engineering problem-solvers. The
fact that 9 out of the 11 students missing class had error 1 on exam day is at least curious.
These 11 students had an overall attendance of 74% until the end of November. Classes
resumed on December 17 2011. The other 32 students in class had an overall attendance of
68% in the same period, and the class as a whole (43 students) had an average attendance of
69%. Thus, the 11 missing students on that special day are not the ones with the worst
attendance overall.

With regard to the GPA-equivalent index shown on table 1, note that the best indexes are
related with the “No error” student category. Those solving the problem correctly are
generally the ones sitting on the front rows, missing few classes during the semester, and with
good historical grades. One might argue that these students would still solve the problem
convincingly regardless the prototype was shown or not. Here we caution that they also had a
better view of the model since most of them were sitting closer to the chalkboard.

Summary and Conclusions

We investigated the following question: Can spatial visualization and problem-solving skills
be improved with the use of a 3-D physical model to illustrate the dot product of vectors? We
built a prototype to illustrate the concept, brought it to class when the topic was presented,
and then asked students to solve a similar problem on the mid-term exam. The performance
on this particular problem was tabulated according to 4 error types revealed during grading.
The result was then related to gender and to absent students on the day the prototype was
shown.

The analyses revealed that 9 out of 14 females benefited from the demonstration as indicated
by a correct solution on exam day. By the way of contrast, only 9 out of 29 males had a
correct solution. This result suggests that the concrete experience of a physical model was
more effective for the female students. Students missing class when the model was shown (9
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males and 2 females) had mistakes in their solutions. This fact lends support to the
importance of being exposed to a concrete experience to improve learning of an abstract
concept like the dot product of vectors.
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