2021 ASEE ANNUAL CONFERENCE (=

Virtual Meeting | July 26-29, 2021 | Pacific Daylight Time

Paper ID #32639

A Direct Method of Determining the Natural Frequency and Dimensionless
Damping Coefficient of any Second-order Circuit

Dr. James A. Kearns, York College of Pennsylvania

Jim Kearns is an Associate Professor of Electrical & Computer Engineering at York College of Penn-
sylvania. He received a B.S. in Mechanical Engineering (SEAS) and a B.S. in Economics (Wharton)
from the University of Pennsylvania in 1982. Subsequently, he received his M.E. from Carnegie-Mellon
University in 1984, and his Ph.D. from the Georgia Institute of Technology in 1990, both in Mechanical
Engineering. While at Georgia Tech he was the recipient of a Presidential Fellowship. Subsequently, he
worked as a Postdoctoral Fellow at the Applied Research Laboratory of the University of Texas-Austin.
Dr. Kearns has spent the past 24 years at York College of Pennsylvania developing new programs in
mechanical, electrical, and computer engineering. He recently co-authored another edition of Principles
and Applications of Electrical Engineering with Dr. Giorgio Rizzoni of The Ohio State University.

Jennifer Owrutsky

(©American Society for Engineering Education, 2021



A direct method of determining the natural frequency and
dimensionless damping coefficient of any 2nd-order circuit

Abstract

All electrical and computer engineering students, and those from many other engineering
disciplines, learn to generate first- and second-order ordinary linear differential equations and
their solutions from circuit diagrams by applying basic analytic methods and laws, such as
Kirchhoff’s laws and Ohm’s law. These differential equations and their solutions are expressed in
terms of key characteristic parameters: a time constant for first-order circuits and the
dimensionless damping coefficient and natural frequency for second-order circuits.
Unfortunately, methods of designing a circuit to achieve desired values of these parameters are
generally not taught and consequently are less well understood.

A method is presented in this paper that facilitates the analysis and design of a second-order
circuit with prescribed characteristics. The method extends a fundamental result of Thévenin’s
theorem to relate four time constants to the dimensionless damping coefficient and natural
frequency. These time constants are readily associated with simple first-order circuit structures
that act as guides in the construction of a circuit with desired characteristics. This method has the
added pedagogical advantage of offering students an alternate and potentially appealing means of
generating these characteristic parameters from direct observation of a second-order circuit.

Preliminary assessment data suggests improved problem solving for both first- and second-order
circuit analysis. Across 4 different problems solved by 19 students there were 28 cases in which

students were unable to correctly solve a problem using traditional methods, while in 17 of those
28 cases the students were able to do so using the approach outlined in this paper. There were no
instances in which a student was successful using the traditional approach but unsuccessful using
this new approach. All students received instruction in both methods.

Introduction

The transient (homogeneous) solution of any first-order system with constant parameters is
described by the following expression.
Ke U™ (1)



where 7 is the time constant associated with the system and K is related to an initial condition. In
the cases of first-order RC' and RL circuits, the time constants are

7 =R.C and 7= L/Ry ()

where R, and R, are the Thévenin and Norton equivalent resistances seen by a capacitor C' or an
inductor L, respectively. Methods for determining R; and Ry are well-known and generally
well-understood by students. As a result, it is not necessary or perhaps even constructive to derive
and solve a differential equation when teaching students about first-order system behavior,
analysis and design.

On the other hand, a similar second-order RLC' system has three possible transient solutions:
overdamped, critically damped and underdamped. These solutions depend upon a natural
frequency wy and a dimensionless damping coefficient . The value of ¢ determines the specific
solution. The relationship between ¢ and RLC circuit parameters is given by

X _po+ 2 )

Wo Ry
Here, R; is the Thévenin equivalent resistance seen by the capacitor when the inductor is treated
as a short-circuit, which is its dc equivalent or its equivalent when L = 0. Likewise, Ry is the
Norton equivalent resistance seen by the inductor when the capacitor is treated as an open-circuit,
which is its dc equivalent or its equivalent when C' = (. However, except for the cases of series
L(C and parallel LC circuits, a general relationship between wy and RLC' circuit parameters is not
found in textbooks [1] and is not generally well-understood. As a result, students are taught to
derive a second-order differential equation for each instance of a second-order circuit in order to
determine wy and subsequently (. This tedious process provides specific solutions to specific
circuits but is often confusing to students and generally does not result in a broader, general
understanding of the relationship between second-order transient behavior and RL(C' circuit
parameters.

The result described in this paper is a direct, comprehensible relationship between second-order
transient behavior and RLC' circuit parameters. As shown in the next section, that relationship
involves time constants and the concept of Thévenin/Norton equivalent resistances seen by
capacitors and inductors similar to those found in first-order circuits.

Literature

The subject of Thévenin/Norton equivalent networks was explored and developed thoroughly
over a roughly one hundred year period from 1850 to 1950. The underlying theorem was first
published in 1853 by Hermann von Helmholtz and independently and later by Leon Charles
Thévenin in 1883. Johnson [2] reviewed the early development of what he termed the equivalent
voltage-source theorem. Later, in 1926, Hans Ferdinand Mayer and Edward Lawry Norton
independently published what Johnson [3] termed the equivalent current-source theorem.

More recent work has focused on alternatives to [4], extensions of [5], [6], [7], [8] and variations
in the methods used to apply [9] and teach [10] these theorems. Unfortunately, no recent papers



have yet been found that directly relate to the subject of this paper, which is the relationship
between fundamental transient circuit behavior and the concept of Thévenin/Norton equivalent
resistances. This result is likely due to the subject being well-established and largely settled.

A New Method

The method presented here does not require the explicit derivation of an ODE. Instead, it relies on

Thévenin’s theorem to derive low and high frequency time constants, which are used to determine

¢ and wy. In general, the standard form of a homogeneous second-order differential equation with

constant coefficients is P p

1 d°x  2Cdz
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The coefficient of the first-order derivative has a dimension of time and can be expressed in terms

of two time constants here designated as 7.*" and 7*", such that
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where
™" = R,C and 7™ = L/Ry (6)

and R?; is the Thévenin equivalent resistance seen by the capacitor when the inductor is treated as
a short-circuit and Ry is the Norton equivalent resistance seen by the inductor when the capacitor
is treated as an open-circuit. The notation used here for the two time constants reflects those
statements. These treatments are well-known low frequency approximations.

The coefficient of the second-order derivative has a dimension of time squared, which suggests a
possible alternative representation as the product of two time constants 7; and 7».

L )
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The question is whether these arbitrary time constants can be related, in general, to RLC circuit
parameters. It is asserted here, without proof, that they can! Although no formal proof is offered,
it can be demonstrated that the product of those two constants has two equivalent
representations.

TITy = 7';‘”“7;‘“” or TiTy = TOOT 8)

where 72" and 7" are as defined above. For the purposes of what follows, these time constants
are better expressed by an expanded notation as

Tbh()l"l — R:}honC aIld Topen _ L/RoNpen (9)

c L

The definitions of the other two time constants T and Tz‘“’“ can be inferred from the
notation.
7_open _ R;penc and Tshort _ L/Rrs\?ort (10)

c L



Here, the capacitor and inductor are treated as short- and open-circuits, respectively, in the
calculation of RJ** and R". These treatments are well-known high frequency
approximations.

To summarize and clarify, each time constant depends upon a Thévenin/Norton equivalent
resistance calculation or measurement at a very low or high frequency, where

e R indicates the Thévenin equivalent resistance seen by the capacitor with the inductor
treated as a short-circuit.

e R indicates the Norton equivalent resistance seen by the inductor with the capacitor
treated as an open-circuit.

e ¥ indicates the Thévenin equivalent resistance seen by the capacitor with the inductor
treated as an open-circuit.

e R indicates the Norton equivalent resistance seen by the inductor with the capacitor
treated as a short-circuit.

Two of the four time constants, Té‘“’” and 7P, are necessary along with one of the other two, T
and 7™, to determine the dimensionless damping coefficient ¢ and the natural frequency wy, as
summarized below.
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Special Case: Series LC'

In the special case of a series LC' circuit, the Thévenin/Norton resistances reduce to a pair of
values, one of which is unbounded.

R:;pen — R(;Ipen - 00 and R;hon — R;l;on

The resulting time constants are

= RMC and 7™ = L/RY™ =0 (11)
and
T = R»™(C — oo and T;h"“ = L/Ry™" (12)
such that %
QTO — Tgmn + szen — Télort — shortC (13)
and ) I
w_g — TgonTzhon — shortcvfi;?Ort — LC (14)

It is worth noting that the product of the other pair of time constants 777> is finite but
indeterminate.



Special Case: Parallel LC

In the special case of a parallel LC circuit, the Thévenin/Norton resistances again reduce to a pair
of values, one of which is unbounded.

open ___ open short __ short __
R = R} and R =R{™ =0

The resulting time constants are

Téqon — RbThonC =0 and szen =T / RONPen (1 5)

and
o= RMC  and 7™ = L/R™ — o0 (16)

such that % I
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It is worth noting that the product of the other pair of time constants 77'7;™" is again finite but
indeterminate.

Special Case: First-order RC

When L = 0 the system of equations should yield the result for a first-order RC' circuit. In this
case, the time constants are

T;f“’“ = RC and T = L/R¥ =0 (19)
and
T = R»™C and TZ“"“ =L/Ry™ =0 (20)

such that the products in Equation (8) are both zero. The result is that the coefficients of the first-
and second-derivative terms in Equation (4) are R,C' and zero, respectively, yielding the correct
first-order homogeneous differential equation.

dx
Nopt — 21
RC’dt—i-x 0 21

Special Case: First-order RL
When C' = 0 the system of equations should yield the result for a first-order R L circuit. In this
case, the time constants are

7_short _ R;hortc — O and 7_open _ L/R(;Ipen (22)

c L



and
TP = R™'C' =0 and Tt = L/ Ry (23)

c L
such that the products in Equation (8) are again both zero. The result is that the coefficients of the
first- and second-derivative terms in Equation (4) are L/ Ry and zero, respectively, yielding the
correct first-order homogeneous differential equation.

L dx

Example Problem

A typical second-order LC' example problem that illustrates the value of the new method is shown
in Figure 1. Note that the inductor and capacitor are not in series or parallel. As a result, it is not
obvious how the natural frequency of the network is related to the circuit parameters.
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Figure 1: Example second-order circuit

The traditional approach to the type of second-order circuit problem shown in Figure (1) is to
apply Kirchhoff’s laws twice to ultimately derive a second-order differential equation. In this
example, Kirchhoff’s current law (KCL) applied to the upper node yields

v . . v , dv
[N_ﬁN_ZL_ZC:IN_R_LN_ZL_Cd_tCZO (25)
where the differential constitutive relationship for the capacitor i, = C'dv,, /dt is used to replace
t.,. Also, Kirchhoff’s voltage law (KVL) applied around the far right mesh yields
4 di dv
v, —UC—ZCRQZLd—tL—?JC—RQCd—tCZO (26)
where the differential constitutive relationships for the capacitor i, = C'dv, /dt and for the
inductor v, = Ldi, /dt are used to replace i and v, , respectively. The result is two first-order
differential equations in the two unknown state variables 7, and v,,.

The process so far is not overly difficult and one of these two first-order equations is needed to
include initial conditions in the complete solution. However, students often find the process of
combining equations (25) and (26) to eliminate one of the state variables confusing, difficult and
prone to errors, especially sign errors. It is left as an exercise for the reader to work through the



details. If done correctly the homogeneous form of the resulting second-order differential
equation is
R+ Ry . _d%x L\ dx
——LC— RC+ — ) — =0 27
R, o T\ TR )T 7
where x is any variable in the network. The natural frequency wy and dimensionless damping
coefficient ¢ are found by comparing equation (27) to the standard form previously presented in

equation (4) and repeated here for convenience.

1 d?z  2Cdx
— 4+ 24+ x=0 4
wi dt?  wp dt * @
The alternate method proposed in this paper finds the four equivalent resistances and their
associated time constants shown in equations (9) and (10), which are then used to determine
directly the natural frequency wy and the dimensionless damping coefficient . For the example
problem, equations (9) and (10) become

"= RO = RyC and " = L/RY™" = L/ Ry (28)
and
" = RPC = (Ry + Ry)C and T = L/R™ = L/(Ry || R2) (29)
These time constants can be substituted into equations (5), (7) and (8) to yield
2
—C = RyC + L/ Ry (30)
Wo
and 1 L  RtR
— = R,C S LY o) 31
w2 27 Ry || Re Ry G
o 1 L Ry+R
N 2
— = — = —"L 2
2 (Rx + RQ)CRN R C (32)

Of course, these results are identical to those obtained through the derivation of the second-order
differential equation. It is suggested here that the new alternate method is more efficient and less
prone to error. It is also suggested that the relationship between the circuit parameters and the
circuit behavior, as expressed by the natural frequency and dimensionless damping coefficient, is
clarified by the alternate method because that behavior is now linked explicitly to the
Thévenin/Norton equivalent resistances seen by the capacitor and inductor.

Pedagogical Implications

One obvious result of the method outlined in this paper is that an alternative to the traditional

differential equation approach exists for the analytic problem solving of transient circuit behavior.
This method relies only on basic circuit analysis skills (e.g., the ability to determine the equivalent
resistance between two nodes) and concepts (e.g., time constants) and thereby permits students to



focus on and better comprehend the relationship between the new concepts of damping and
natural frequency and equivalent resistance, capacitance and inductance. This method when
applied to problem solving also involves fewer algebraic manipulations, which are the source of
many errors in student work. This latter benefit is suggested by the initial assessment data.

This direct relationship between equivalent resistance, damping and natural frequency also
encourages an intuitive understanding of transient behavior and may lower the barrier to
applications of transient circuit analysis in engineering design. It is in the realm of electrical
engineering design that it is hoped this method may prove particularly useful. Of course, powerful
numerical and symbolic methods exist for generating data associated with complex physical
systems. However, those methods rely on accurate models and it is in this regard that it is hoped
the method outlined in this paper may yield some benefit through the simpler and more direct
relationship between equivalent resistance and transient behavior.

Initial Assessment of Pedagogical Efficacy

This new approach as well as the differential equation approach found in nearly all textbooks
were used in the spring 2020 to teach analytic problem solving of second-order transient circuits
to one group of 19 students, all of whom were sophomore electrical or computer engineering
majors. The students were presented with 4 different second-order transient circuit problems on
two graded exams. The problems required the students to find only the dimensionless damping
coefficient and the natural frequency. The circuits on each exam were technically identical except
for differences in parameter values and aesthetic appearance. Care was taken to ensure that the
changes in appearance did not result in greater or lesser apparent complexity. The exam requiring
the derivation of differential equations was given three days prior to the exam requiring the use of
the proposed new method. Of the total of 76 solutions, 48 were done correctly using the
traditional differential equation approach while 65 were done correctly using the new approach
described in this paper. Furthermore, an anonymous poll of the students taken one week after the
conclusion of the exam indicated that 10 of the 19 students preferred the new approach, 5 students
had no preference and 4 preferred the differential equation approach.

Traditional Method New Method

Total # of Problems 76 76
Total # Solved Correctly 48 65
Percentage Solved Correctly 63% 85%

Table 1: Initial results of second-order transient circuit problem solving
by sophomore electrical and computer engineering majors.

These initial results are preliminary and not definitive. No effort was made at the time to examine
and compare the sources of error in the student solutions. Additional and more carefully
controlled studies are needed to assess the pedagogical efficacy of the new approach.



Conclusion and Future Work

The likely principal pedagogical advantage of this method is its focus on the role played by
Thévenin/Norton equivalent resistances in determining the behavior of first- and second-order
circuits. The simplicity of those concepts may aid students to more easily design practical
circuits. The method may also enable students to more easily develop an intuitive understanding
of physical systems through a better understanding of practical discrete models of those systems.
Practical models of electrolytic capacitors and inductive windings are two good examples of such
models. All of these possibilities remain to be explored, developed and assessed.

There is also work to be done in understanding the physical significance and implications of the
low- and high-frequency approximations employed in the method.

Further development of the outlined method is needed to determine its value, in general, and
pedagogical efficacy, in particular. The next step is to show that the method also accounts for
second-order circuits with two capacitors and with two inductors. It is believed that the method
can be scaled to higher-order networks but that result has yet to be demonstrated.
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