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Abstract

The unit sphere method was developed in order to measure the view factor between
a differential and a finite plane area. This method was used to design an experiment
for the undergraduate Heat Transfer Laboratory, and is described in this study.
Using methods of descriptive geometry, a graphical equivalent of the sphere
method was also developed, which is used additionally in the experiment. The
apparatus for measuring view factor is described here. Experimental results for one
shape are compared to results obtained by equations. Errors in all cases are within a
tolerable limit.

Nomenclature

A = area
A = constant in view factor equation
a = distance in view factor equation

dA = differential area
B = constant in view factor equation
b = distance in view factor equation
c = distance in view factor equation

d1 = distance in hemisphere profile
 d2 = distance in hemisphere profile

F = view factor
r = radius of circle

ra = actual radius of hemisphere
S = distance between areas

Greek Letters

β = angle between S and normal to A
dω = solid angle
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Subscripts

1 = source of radiation
2 = receiver of radiation
s = area on hemisphere surface
b = area on base of hemisphere
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I. Introduction

Many problems that today are easily solved with a calculator were at one time rather
difficult to complete. The calculation phase of the solution method was very
tedious, involving the use of a slide rule or a mainframe computer. Consequently,
alternative methods of obtaining a solution to a particular problem were developed.
Graphical methods, for example, were developed to a high degree in a number of
areas as an alternative or supplement to the calculation method. There are graphical
procedures for addition, subtraction, multiplication and division1. Graphical
methods are available also for solving ordinary differential equations2. Graphical
solution methods have been devised for solving problems in kinematic analyses in
which velocities and accelerations of machine components are determined as
illustrated by Hinkle3 and countless others. Kreith4 presented what has been
popularly called a “Schmidt Plot” into heat transfer analysis of unsteady heat
conduction problems. Janna5 presented the Saul'ev plot also for heat conduction
problems. Keith and Janna6 discuss the use of graphical methods in unsteady
viscous flow problems as a means of introducing more advanced fluid mechanics
problems to undergraduates.

The subject of this paper is the unit sphere method, which is one of the solution
techniques that was developed as a supplement to the theoretical method. The unit
sphere method for finding the configuration or view factor between a differential
and a finite area was discussed in the early part of this century. The unit sphere
method was first introduced by Nusselt7 as an experimental technique. There is,
however, a graphical equivalent8 based on the theory involved. Alciatore, Janna and
Shamburger10, present a solution method, suitable for use on a microcomputer,
which is the equivalent of the graphical method. Alciatore, Lipp and Janna11

determined a closed form solution of the general three dimensional radiation
configuration factor problem to accompany the microcomputer solution.

An excellent discussion of view factors, along with various methods of finding it for
different geometries, can be found in reference12.

In this study, we present the theory, the graphical method itself, and an experimental
method suitable for use in the laboratory, for finding the view factor between a
differential area and a plane.
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II. Theory

Consider that we are trying to obtain the configuration factor between a differential
area dA1 and the finite area A2, as shown in Figure 1. Initially, we identify a
differential area dA2 on A2, and draw lines normal to both differential areas. We also
draw a line from dA1 to dA2 , and this line has a length S. The angles β1 and β2 are
measured from S to the lines that are normal to dA1 and dA2, respectively. Next, we
construct lines from dA1  to all points on the boundary of dA2. These lines form a
solid angle denoted as dω1 , which is given by

dA1

dA2

dAs

A2

As

Ab

2

1

1

d 1

dAs cos 1

Normal to dA2

r

S

FIGURE 1. Configuration factor between a
differential and a finite area (after Siegel
and Howell8).

dω1 = 
dA2 cos β2

S2  (1)

The view factor between dA1 and dA2 is found as

FdA1-dA2 = 
cos β1  cos β2 dA1 dA2

πS2  (2)

Integrating over the area A2 results in the configuration factor that we are trying to
evaluate:

FdA1-A2  = ⌡⌠
A2

 

 ⌡⌠
 

 

  
cos β1 cos β2 dA2

πS2   (3a) P
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or in terms of solid angle, with Equation 1, we get

FdA1-A2  = 
1
π

 ⌡⌠
A2

 

 ⌡⌠
 

 

   cos β1 dω1 (3b)

where the integration limits on A2 extend over the portion that can be viewed by dA1.
Now suppose that we construct a hemisphere over the area dA1, again referring to
Figure 1. The projection of dA2  onto the surface of the hemisphere is dAs which is
given by

dAs = r2dω1

from the definition of solid angle. Combining with Equation 3b gives

FdA1-A2  = 
1

πr2 ⌡⌠
As

 

 ⌡⌠
 

 

   cos β1 dAs (4)

where the integral is to be evaluated over As. The term dAs cos β1 is the projection of
the area dAs onto the base of the hemisphere, and if this term is integrated over As,
we obtain the area Ab . As shown in Figure 1, the area Ab  is the projection of As onto
the base of the hemisphere. Equation 4 therefore becomes

FdA1-A2  = 
Ab

πr2  (5)

This equation states that the configuration factor between dA1 and A2 equals the ratio
of the projection of A2  onto the base of the hemisphere (= Ab) to the area of the base
of the hemisphere:

FdA1 -A2 =  
projection of As onto the base of the hemisphere

area of a circle with radius of the hemisphere  

A plan view of Figure 1 would reveal the two areas. Measurements or calculations
could then be performed to find the view factor.

What has been described in the preceding paragraphs is a method for finding the
view factor between a differential element and a finite area. At one time, this method P
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was called the Unit Sphere Method, because the intent was to use a hemisphere that
had a radius of 1. The advantage was that in Equation 5, the view factor was merely
the projected area divided by π. The method can be used with any radius
hemisphere, however.

The sphere method has a graphical equivalent, as described in the following section.
The sphere method can also be used with a photographic technique, which is
described later in this paper. Both methods used together make up a worthwhile
experiment in the undergraduate heat transfer laboratory. In some geometries, there
are theoretical solutions which have been developed and catalogued12. One such
case has been investigated with the sphere method, and the experimental results are
compared to those obtained by equation.

III. Graphical Solution to a Specific Problem

Figure 2 shows the plan and profile views of a differential area located at the origin,
and a plane, selected to illustrate the method. We will use results obtained from the
sphere method to obtain a graphical solution for the configuration factor between
the differential area dA and the plane.
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0

1

Plan

Profile

dA

plane

FIGURE 2. Plan and profile views
of a differential area and a

plane.

FIGURE 3. Plan and profile views of a
differential area, a plane, and a
hemisphere.
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The graphical solution method first involves drawing a hemisphere of radius r in
both views. The hemisphere is constructed with its center at the area dA, and the
radius of the hemisphere is selected arbitrarily. The hemisphere can encompass the
entire plane, or pass through it or exclude it. Next lines are constructed from the
origin to every point on the edges of the plane. These lines form a solid angle with a
unitless dimension of steradian (sr). The lines connecting the origin with the edges of
the plane intersect the hemisphere and form an area that we have identified in
Figure 1 as As.

As mentioned previously, after drawing a hemisphere, we then draw lines from the
origin to a number of points on the edges of the plane. The lines will intersect the
hemisphere on the edge of the projection plane. In order to find a point of
interesection, the true length of the line must be constructed in the profile view.

The true length of the line is found here by a rotation of the line as illustrated in
Figure 3. We draw line 0-1 in both views. Line 0-1 is rotated in the plan view to the
point labeled 1´. The line from 0 to 1´ is drawn to locate point 2 in the profile view.
Point 2 is projected back to the plan view and rotated back to line 0-1 to locate point
3. Thus 3 is the point where the line 0-1 intersects the hemisphere.

This process of finding intersecting points is repeated for many points on the
periphery of the plane until something like Figure 4 results. Shown is the plan view
of the completed drawing, which includes the areas dA, the plane, and projection of

 

dA

plane

projection of plane onto
the plane of dA

FIGURE 4. Plan view of the
completed drawing.

FIGURE 5. Plan view of the completed
drawing with grid imposed for
determining area.

the plane onto the base of the hemisphere. The view factor is the ratio of theprojected
area to that of the circle whose radius equals that of the hemisphere.
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Figure 5 again shows the solution but with a grid imposed. The projected area can
be determined either by counting squares or by some numerical technique. This is
quite suitable for the heat transfer laboratory.

IV. Photographic Method

The photographic method is based on the concepts discussed in the theory section.
Regarding the problem solved graphically in the preceding section, we can use a
reflecting hemisphere which is placed over the area dA, and view directly above dA.
The reflection of the plane in the surface of the hemisphere will appear like that
shown in Figure 4. So a photograph taken in this way can be used to obtain the areas,
and the configuration factor can then be calculated.

A frame was built and a hemisphere was purchased to construct an apparatus for
the photographic method. Figure 6 shows an isometric view of the frame itself. It
consists of 1 x 1 square tubing welded together into a boxlike shape. An additional
piece of tubing is welded in place so that various planes can be bolted onto the
frame. The dimensions were selected based on the hemisphere that was available.

Figure 7 is a sketch of the hemisphere (made of smoked plexiglas) which is bolted
onto a piece of black, formica-topped plywood. The plywood, with notched
corners, fits directly onto the base of the frame. The hemisphere selected was one
that is used primarily in security surveillance operations (available from W. W.
Grainger, Inc.; Item #1M840, see-through smoked full dome, 24 in.). A problem
encountered with this hemisphere is that it is not truly hemispherical. Its diameter is
22 in., and so at its center it should be 11 in. tall. It is actually only 93/4 in. tall, which
affects the
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FIGURE 6. Isometric view of the
frame. (Dimensions in inches.)

FIGURE 7. Isometric view of the hemisphere
mounted on a wooden base.

results of the experiment. However, this deficiency is easily corrected, as will be
shown in the results section.

Figure 8 is a sketch of the assembled apparatus. Shown is the relative mounting of
all pieces. The plane area is mounted on the frame, and a digital camera is used to
take a photograph in the viewing direction.

Various plane areas were made of 16 gage sheet metal, with edges that have been
smoothed and polished for safety reasons. These planes included a disk (117/8 in. in
diameter), a square (10 in. x 10 in.), two octagons (17 in. and 131/8 in. across flats), and
an equilateral triangle with each side 121/4 in long. All plane areas were painted a
glossy white so they would reflect effectively.

V. Experiment

The students are given one of the plane areas and they are to mount it on the
apparatus. They take a digital photograph and transfer the result to a computer.
They are then given two options:

1. They can print a copy of the photograph, superimpose a grid, and count squares
to determine the areas.

2. They can use a program (such as AutoCAD) to determine the areas.

Next, the students are to draw the system and use the graphical method to obtain a
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solution. Again, they can determine the areas in any convenient way. Finally, they
are to compare the results of the two methods.

Viewing
direction

Plane area

FIGURE 8. Sketch of the assembled
apparatus.

For some cases, a mathematical solution has been obtained for the view factor when
the plane area is a disk, or when it is a square (or rectangle). In these cases, the
students can make a third comparison.

VI. Correction Factor

As mentioned earlier, the hemisphere used is not quite a true hemisphere; it has
been truncated, as shown in Figure 9. The actual known dimensions, referring to the
figure, are radius ra and height d2 . In order to make appropriate calculations, it is
necessary to determine the true radius r. For the dimensions of Figure 9, we can
write:

r2 = ra2  + d12

in which only ra is known. We can also write

d1 + d2 = r

The preceding two equations contain two unknowns (d1 and r). Solving
simultaneously, we get
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r = 
ra2  + d22

 2d2
 (6)

and d1 = r - d2. For this experiment, we measured ra = 11 in., and d2 = 9.75 in. The
radius we would use in calculations involving this hemisphere then, from Equation
6, is r = 11.08 in. Also, d2 = 1.33 in.

r d1

r

ra

d2

truncated
hemisphere

FIGURE 9. Sketch of the truncated
hemisphere used in this experiment.

VII. Comparison of Results for a Disk

When the plane area is a disk oriented in a certain way, an exact expression can be
used to find the view factor. Figure 10 shows a drawing of two surfaces. One is a
differential area dA1 and the other is a disk A2. It is desired to find the view factor
FdA1-A2  The exact solution to this problem is given by8, 9:

FdA1-A2 = 
A
2  







1 + B2 + A2

(1 + B2 + A2)2 – 4B2
  – 1  (10)

where A = a/c and B = b/c. A graph of this equation is shown also in Figure 10.
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FIGURE 10. A graph of Equation 10 for the view factor between a differential area and a
disk.

This problem was set up in the laboratory using a hemisphere, as in Figure 8. A
photograph was taken from the top and the result is shown in Figure 11. A grid was
superimposed on Figure 11 and squares were counted in order to find the area of
the circle and of the ellipse (which is the reflection of the disk in the hemisphere).
The results are shown in the following table:

Square
Counting

AutoCAD

Circle 941 squares 44.26 units
Ellipse 24.5 squares 1.0711 units
Ratio of ellipse
to circle =
FdA1-A2

0.026 0.0242

% error 7.1% 13.6%

It is interesting to compare these results to those obtained with Equation 10. The raw
data are as follows: a = 11.25 in.; b = 5.94 in.; c = 18.75 in. These data must be
corrected to account for the fact that the dome is not a perfect hemisphere. The
affected dimension is c, which must be increased by 1.33 in. (= d1 in Figure 9). Thus c
= 18.75 + 1.33 = 20.08 in. Substituting into Equation 10 gives FdA1-A2 = 0.028. The
percent error entries in the previous table are based on a comparison with this
result. This problem was not solved graphically for this study.

The drawing of Figure 11 was obtained from the photograph taken in the laboratory.
(The photograph would not produce very well for this publication.) The photo was
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then imported into AutoCAD and the outlines of both the circle and the ellipse were
traced out. Figure 12 is an AutoCAD drawing of all the shapes prepared for this
study.

FIGURE 11. AutoCAD drawing of the disk and
hemisphere as taken from the photograph.

VIII. Discussion and Conclusions

The experiment described in this study was very inexpensive to put together. It is
easy to perform and it gives the students a good background in learning about view
factors. The results of calculations with the equations and the figures show
acceptable agreement with regard to laboratory work. The sources of error can be
related to errors in measurements of length, especially lengths a and c of Figure 10,
because of the presence of the hemisphere.
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FIGURE 12. AutoCAD drawing of all shapes prepared for this experiment, as taken from
photographs.

This is a worthwhile experiment to perform in the heat transfer laboratory, and one
of the few radiation experiments not found in commercially available apparati.
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