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Success in many engineering and mathematics coisrsiesl to well-developed calculus knowledge. $alve
important calculus concepts used in STEM coursekidie limit, first derivative, second derivativenda
asymptote. In this article, undergraduate and grdengineering and mathematics students’ abitity t
transform an algebraic function to its geometrjgresentation is analyzed. Participants were egheolled or
recently (two week period) completed a NumericatiMes/Analysis course during the data collectiornoge
Video recorded and written responses to graphiggatient function are analyzed by using Action-Rgs:
Object-Schema (APOS) theory. Participants are agka#tetch the graph of the given quotient funcedier
calculating its limiting values, first derivativeecond derivative and asymptotes. Qualitative arahtitative
results indicated Mathematics majors’ higher sugcate among all the participants.

Key words: APOS theory, Schema, Triad ClassifiegtiBunctions, Derivative, Limit, Asymptote, Critica
Points.

Introduction

Engineering majors’ calculus knowledge develept is one of the main goals of several
engineering university curriculums. Function corcep particularly important in
engineering education because of its ties to mahgrocalculus topics such as limits,
derivatives, and integrals. Therefore, understand@EM majors’ ways of viewing and
recalling calculus concepts has been an imports#t of researchers interested in STEM
education. (see for example Baker, Cooley, anduéngs (2000) and Cooley, Trigueros,
and Baker (2007)) This is due to the fact that estiisl need to recall and apply calculus
concepts in advanced courses. Numerical Method$ygisds an example of such advanced
level courses in which calculus concepts are fretimaused. Therefore, it is natural to
measure senior undergraduate and graduate STEM rghagalculus sub-concept
knowledge. Action-Process-Object-Schema (APOS)rthetll be used to find a qualitative
and quantitative answer to our goal in this work.

Baker, Cooley, and Trigueros (2000) analysfs students’ conceptual calculus
understanding was based on a calculus graphindgmnolm which several conditions are
required to be satisfied. In 2007, Cooley, Trigserand Baker conducted a more detailed
study than in their research in 2000 to observeutas concept knowledge of students who
were considered to be successful by their profedsadiverse disciplines, and by using the
same theoretical framework of their study in 2000.

The motivation behind this study is to amaly}onceptual calculus knowledge of the
undergraduate and graduate students’ who were lethrih a Numerical Methods or
Analysis course by using a theoretical frameworkilgir to that of Baker et al. (2000) and
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Cooley et al. (2007) In this study a quotient fumttis given in its algebraic form and
participants are asked to employ their calculuswkadge to determine the graph of the
corresponding function. Written and video recordeal interview responses of participants
are analyzed by using the APOS theory.

APOS Theory and Literature

The philosophy of mathematics influenced reseascliermathematics and engineering
education in the undergraduate curriculum in th@0%9 Piaget's schemes idea in the
1970s, and its development with detailed explanation®iaget and Garcia in the 1980
influenced researchers of undergraduate mathemedigsation curriculum in the 1980
Studentsconceptual view of the function was defined byi@eabach, Dubinsky, Hawks,
and Nichols in 1992, which relied on Piagestudy offunctions in 1977 (Piaget, Grize,
Szeminska & Bang, 1977). This formed the actioreess-object idea in mathematics
education for the undergraduate curriculum. In 19%&ala, Brown, DeVries, Dubinsky,
Mathews, and Thomas added schema idea to the gutioess-object idea and formed
action-process- object-schema theory (called AR@8ry) to mathematical topics (mostly
functions), and they explained this theory as tbmhined knowledge of a student in a
specific subject based on Piaget's philosophy. Bskyj and McDonald (2001) explain the
components of the APOS theory as follows:

Action: A transformation of objects perceived either esiflii or from memory that
depends on step-by-step instructions on how tmparthe operation...

Process:When an action is repeated and the individual cefl@pon it, he or she
can make an internal mental construction calledoagss which the individual can think of
as performing the same kind of action, but no longth the need of external stimuli...

Object: An object is constructed from a process whenrldeszidual becomes aware
of the process as a totality and realizes thasfommations can act on it...

Schema: Individuals collection of actions, processes, otgeand other schemas
which are linked by some general principles to farfnramework in individual’'s mind...

In APOS theory, concepts are constructed dferdnt concepts and schemas. For
example, if a researcher works on the Taylor sexigmnsion of a function, the researcher
can base the schemas on understanding functionits,liderivatives, infinite, continuity,
integral, summation, and number knowledge of sttgdeékll schema combinations can form
a schema. We can also say that every concept esguioncept knowledge and the
construction of a specific concept depends on kedg# of the other concepts. APOS
theory applicable is not necessarily a good metbaghalyze data as experienced by Clark,
Cordero, Cottrill, Czarnocha, DeVries, St. JohnJid® and Vidakovic (1997) in their
research. Piaget et al. (1983) introduced the siades intra, inter, and trans, used by Baker
et al. (2000), to introduce the property and indérschemas to analyze undergraduate
students conceptual function knowledge on a cascghaphing problem. In 2007, Cooley,
Trigueros, and Baker built on their work from 20@aker et al. (2000)) by focusing on the
thematization of the schema with the intent to eepthose possible structures acquired at
the most sophisticated stages of schema developrmetiieir study, the problems were
structured in a way that participants were requicerespond to the first eight questions and
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continue with the ninth question only if they sueded in answering the first eight
questions (please see Cooley et al. (2007) andphendix, pg. 391 for further details). The
detailed analysis of the collected data indicatedtigipants’ success in answering a
complex graphing problem, thus schema thematizatias possible in their study. Cortés
(2004) also observed student difficulties in untierding the function concept by using a
guestionnaire similar to that of Cooley et al. (2ZDQvith similar results. The questionnaire
developed in this study contains different questidnan that of Cooley et al. (2007)
including analytical calculus concept calculatidosa quotient function, answering fill-in-
the-blank calculus concept questions, and sketdahiagraph of a function after calculating
calculus concept questions.

In the last decade, APOS theory is widely useatiresal educational research areas. It is
used by Parraguez and Oktac (2010) to lead theestsidowards constructing the vector
space concept, by Mathews and Clark (2007) to gbsmean, standard deviation, and the
central limit theorem knowledge of successful siiglewho completed an elementary
statistics course with a grade of "A", by Kashé$imail, and Yusof (2010) to observe
students’ obstacles in the learning of two varidilections in calculus, and by Tziritas
(2011) to observe students’ success in solvindaeleate problems.

Functions & Calculus in Research on Undergraduate Mthematics
Education (RUME)

The conceptual knowledge of a student is scaledthigy researchers based on the
student’s ability to construct concept-related gsapconceptual image) and to answer the
corresponding algebraic questions. Students’ dilfiies with the conceptual image are
observed by several researchers (Orton, 1983; Belflelden, & Mason, 1994). The
derivative and its corresponding graph can havengortant role in understanding the
graph of the corresponding function. Aspinwall, 8hand Presmeg (1997) collected data
by observing a student and concluded that incdyreceated derivative images can result
in mistakes of analytical reasoning of the stud&iten the graph of a function, Ferrini-
Mundy and Graham (1994) observed participating estted difficulty in sketching the
derivative graph of the given function where matydents first tried to find an algebraic
representation of the given function. Thompson #)98bserved that senior mathematics
undergraduate and graduate students’ weak ratbarfge concept knowledge resulted in
weak understanding of the integration concept. ueigs and Martinez-Planell (2009) and
Kashefi et al. (2010) observed students’ abilityctinstruct and develop two variable
functions by using APOS theory. Kashefi et al. @0toncluded that in two variable
calculus settings students had difficulty in domaange, and the graphs of two variable
functions.
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Methodology
Participants and the General Procedure

Seventeen senior undergraduate and graduate studemt Engineering and Mathematics
disciplines who were enrolled to one of these tworses at a large Midwestern university
participated in this study. All had completed mutiriable calculus courses that cover the
content of the given questionnaire. The data wieated during a semester that the author
of this article taught a senior level undergraduatenputer Science Numerical Methods
course. Computer Science undergraduate majorsnaguoired to complete this course as a
requirement of the Computer Science Bachelor oker®@a degree. During the same
semester, the researcher also graded a senior guadeate/graduate level Numerical
Analysis course offered by the Mathematics Depantmaith students enrolled from
various science and engineering disciplines. Eatigpant was required to complete the
same questionnaire that consisted of 15 questems,interviewed for approximately 40
minutes based on his/her responses to the queatienguestions. The author video
recorded all the interviews and designed the im@rvquestions based on the written
responses to the questionnaire questions. Interdia collection is standardized across
the participants based on their responses. Thaletbt@data collection procedure with the
corresponding interview questions for each questitinbe explained in the corresponding
section. The goal of the questionnaire and theniifge questions is to analyze participants’
ability to respond to algebraic, analytic, and getiia function-related calculus concept
questions. Only 4 out of 15 questions were directyated to conceptual function
knowledge, with the rest of the questions relatedancepts such as derivatives, integrals,
power series, and programming preferences. Remderding the questions that are not
covered in this paper are planned to be publistexivhere.

Research Problem

The question evaluated in this study is designedlserve participants’ ability to
determine the intervals of increase-decrease, aityyecritical points, horizontal
asymptotes and vertical asymptotes of a quotiemttfon to be able to graph it by using all
these properties. This problem aims to observecjaants’ ability to calculate analytical
calculus problems and their ability to reflect tiained information on a graph.

Schema Classification

A Scheme is an action which is repeated and cageberalized where the actions are
derived from sensory-motor intelligence (Piage )9 The coordination of schemes forms
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actions which are logical structures. Combinatidrsystems and schemes can form the
scheme (Piaget, 1971). The concept knowledge cdorbeed in a larger combination of
schemes.

The schema classification of Baker et al. (2000)bésed on the following triad
classification:

e Intra-Interval: Ability to answer questions regarding the indepdintervals
where the participant can be confused by the uoidntersection of other intervals

e Inter-Interval: Ability to answer questions regarding only sub-@ims which
consists of two or more intervals but not the entiomain.

» Trans-Interval: Ability to answer questions regarding the entioendin.

» Intra-Property: Ability to interpret every analytical property iepgendently one at a
time.

e Inter-Property: Ability to interpret two or more analytical propies
simultaneously but not all of them together.

e Trans-Property: Ability to interpret all the analytical propertisanultaneously.

The schema classification in this work is struatluibg observing post interview student
responses. The data collected in this study suggidetlowing a similar theoretical triad
classification to that of Baker et al. (2000). Tdesign of the question and detailed analysis
of the post interview student responses suggestidea-level triad classification of the
participants for the question considered in thiskwo

Intra-level: Responses reflected only one analytical propentythe right interval on
independent intervals. The responses in this cageigdicate mistakes in application of
two or more analytical properties in two or morgeinals.

Inter-level: Participants were able to apply one or more aitalyproperties on the
right interval, which may consist of the combinatiaf independent intervals; however, the
combination of these intervals does not form th@r@erdomain. The responses in this
category indicate application mistakes in only analytical property on a certain interval.

Trans-level: The participants in this category made no mistakbe application of the
analytical properties throughout the entire domain.

For example, a participant is considered to bén@intra-level if the second derivative
and the asymptote information are not applied ctigre@n two or more intervals. This is a
result of participant confusion by the union oriisiection of other intervals and the failure
to interpret every analytical property independerthe at a time. If there is only one
analytical property application mistake, such asfttst derivative information on a certain
interval which cannot consist of the union of indegent intervals, then the response is
categorized as inter-level. Students’ trans-lekiabtclassification is based on their ability
to answer the question correctly in the entire dama
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The Question

The following question is designed to observe pigdints’ ability to transform an
algebraic function from to its geometric/graphiogpresentation by calculating the related
limit and derivative questions.

A2G Problem: Please draw the graph &f(x) = -*: at (e) below by finding and applying

x+1

each of the following information if they are amalble.

a) Vertical and horizontal asymptotes of f(x) and timj values of f(x) at the vertical
asymptotes if there exists any vertical asymptote.

b) Local maximum, local minimum and inflection poirmtfsf(x).

¢) Intervals where f (X) is increasing and decreasing.

d) Intervals where f (x) is convex and concave.
e) Please draw the graph df(x) =-% by using the information you have in parts (a), (b

x+1

(c), and (d) if they are applicable.

During the interviews, participants were initialgked to explain their answers briefly to
all the parts (a)-(e) of the question and changewvititten information if it appears to be
incorrect. If they made a mistake in one of thetp#a)-(d), participants were asked to
answer particular conceptual questions. If the lgnajas sketched in part (e) with no or
partial responses to the parts (a)-(d), these gyaaiits were asked to solve parts (a)-(d)
during the interview. If there was no correct resgto a particular question during the
interview, the participant was assumed to lack Kedge of that concept. The following
results are obtained from the written questionnanm&wvers and interviews.

Results

The collected data is categorized into four: Asyaotgtlimit, first derivative, and second
derivative knowledge. The following table illustatthe post interview triad classification
of the participants.

A2G Problen Intra-Level Inter-Level Trans«-Level
Numbe of Student 2 5 10

The details of the triad classification with pamter examples of participant responses
and the percentage of student success will be edver the corresponding calculus sub-
concept section.

Asymptote Knowledge

As a result of part (a), 35% (6/17) of the parteis could not find the horizontal
asymptote. Only one participant, RP 10, could imad the vertical asymptote classified in
the inter-level:
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RP 10: Yeah, the first derivative is to show whether filngction is increasing or decreasing or have a
changing point. | got that asymptote from whendbegvative is equal to zero, | mean when it doesrist.
Then | got these [pointing

lim_ f(x) =L = +o,
X- -1

lim, f(x) = = oo ]
X —1"

Only one student could neither find the vertical tie horizontal asymptote. 53% (9/17) of
the participants correctly found both vertical dralizontal asymptotes.

Limit Knowledge

It is well known that the asymptote knowledgel limiting values are directly related to
each other. Therefore the limit information

lim (9, limf (9, lim (9 and lim, f (x)
X——00 X—00 X1 X——

are expected to be used by the participants taiskegraph. In this question 72% (14/17)
of the participants were able calculate the lingtiralues lim f % jand lim f )correctly.

Only RP 9 could not calculate the limiting valuéisr} f x @and Iimr f &)

Interviewer: And vertical asymptote, horizontal asymptote Here.};. Do you remember the definition

of vertical asymptote?
RP 9: | would if you reminded me...

Interviewer: And so x = 1 is the vertical asymptote... how wancalculate the horizontal asymptote?
RP 9: No | don't.

One of the participants, RP 16, a mathematics gtadstudent, used a student-based
method at the trans-level to explain the way ofiifig the limiting values:

Interviewer: For horizontal ones?
RP 16:...you use the BOBO BOTEN EATSDC.
Interviewer: What is that? ... Can you write it?
RP 16:Sure, it is kind of what | learned from my student[Writes]
BOBO
BOTEN
EATS DC
RP 16:So when you are talking about the degrees, [pariOBO] bigger on bottom, y= 0, zero

horizontal asymptote, [pointing BOTEN] bigger optmone. [Pointing EATS] Exponents are the, EATS,
same [pointing DC], divide the coefficients.

First Derivative Knowledge

Two of the participants failed to find theret first derivative of the function before
the interview. For example, RP 9 found the firstightive of f(x) to be— x +-%-

X+1*

To find the intervals of increase and decrease, pgheicipants calculated the first
derivative and observed whether it is bigger tharozor not. Before the interview 29%
(5/17) of the participants found the first derivatiof the function greater than zero for all
real numbers x even though the function is notgefiat x = -1; however, these participants
reflected the correct interval of increase/decresstheir graphs.
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Two of the participants who calculated the firstiggive right made a mistake while
finding the intervals of increase/decrease:

c. Intervals where f () is increasing and decreasing,

TR mu@mg o b

. ferels e f )i g and dain

7[(%} ) :‘AUMM} nt mw / 00])
i)

) MW i B (e ) g e oy

Fig 1. Response of RP 2 to A2G-c. Fig 2. dpense of RP 8 to A2G-c.

]

2,7
%6 Beceopy O g

Second Derivative Knowledge

24% (4/17) of the participants miscalculated theosd derivative prior to the interview
therefore, simple algebraic mistakes played impdmales in their resulting graphs:

RP 7: ... need to take the derivative again. [Startsingit1] Wait, | don’t need to do that. [scratchés -
starts writing -(x + 1¥.) So [continues writing] taking down a notch. legs positive three right [has +3(x+1)
3). | was always bad at these little derivative sulealways forget them. All the specific derivatsvand
integrals ...

88% (15/17) of the participants sketched thavexity information correctly on the
graph. Two of these participants sketched the gadpifi(x) = -%;originating from 1 and

two of the participants drew the graph by conngcteveral dots correspondlng to the
function on the Cartesian coordinates.

~ e S = -
e S~ — P
o — g e W
St = T
\J\ _ =
el o S Ca=d — P, M S —— o r =
==y i TR TS B eeme e R S - A -
F o sl IEssaSCiengm realanees dE A Com -
. i - T e ~
rd o =
- - S~
. A
= =
L T S ~ .
— — T
——y D> —

Fig 3. Answer of RP 2 for A2G problem.

RP 14: No I don't think so. Here are the graphs, and gnaph is what | think [pointing.] From y:§

to y=1--%; [pointing the graph of y£— 1 ]
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ey = ¥
arm and inflection points of Ff{x),
EGQW -7
| — i
From= =2

x> © oFra®

Fig 4. Answer of RP 14 for A2G problem.

Interviewer: ...you just...worked out fromlL and you reconstructed the entire graph from there..

These two participants had the correct solutiorthéajuestions (a)-(d) during the
interviews.

General Results for A2G Question

Post-interview data evaluation for the A2G questindicated 59% (10/17) of the
participants could not find the correct interval in€rease prior to the interview which
indicated the weakness in first derivative knowkedgf the participants. Prior to the
interview, two of the participants, RP 4 and RRe@Jld not calculate the first derivative
correctly, and four of the participants could nalcalate the second derivative correct,
indicating the weakness of participants’ algebralility to calculate derivatives of a
guotient function. Prior to the interview, 6 of thmarticipants showed weakness in
horizontal asymptote knowledge and could not réfieco their graphs. Post-interview
results indicated 10 of the participants were ss&fte in sketching the correct graph
corresponding to the given function. Baker et 200Q) reported the lack of conception
about the second derivative. The responses tajtlastion also indicate the lack of second
derivative knowledge similar to the report of Balkeral. (2000) in addition to the lack of
conception about asymptotes. On the contrary tditidengs of Slavit (1995), who reported
high school honors Algebra Il students’ difficultyith unfamiliar functions such as

functions that are not polynomials, 59% of the ipgrants succeeded while answering
unfamiliar function-related questions.

Results and Discussion

In this study, we observed the conceptual calcltnswledge of engineering and
mathematics undergraduate and graduate studentsawehaeither enrolled in or have
completed a Numerical Methods or Numerical Analysurse at a large Midwest
University. This study is designed to advance tloekvof Baker et al. (2000) and Cooley et
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al. (2007). Student success while answering cadcelincept questions associated with
functions is evaluated by using the concept imawk @ncept definition idea of Vinner
(1992) and APOS theory with triad classificatiomiar to Baker et al. (2000). The results
of this study give insight about Numerical Methddsdlysis students’ success in answering
several different function-related calculus conceptestions. Participants’ conceptual
calculus concept knowledge is observed by obsemiadollowing function question:

A2G Question: Givenf (x) =-%- students ability to calculate sub-concept infoiorati.e.

X+1

limit and derivative information) algebraically askletch a graph of the function.

Students showed lack of first derivative, secongvdéve, and limit knowledge success
in their responses to the A2G question due to mextiew responses. Students’
encountered difficulty in determining the intenadlincrease and decrease in this question
in addition to determining the horizontal asymptatel reflecting it on the graphs. The first
derivative knowledge of the students’ appearedetdhle major problem in answering this
question. Thompson (1994) observed that the ratehahge is effective on students’
integration. In this study, similar to Thompsonl®94) results, we found the lack of first
derivative knowledge affected students functionvikdedge. Similar to Baker et al. (2000)
some of the participants in this study encount@medlems with second derivative. Cooley
et al. (2007) had a schema thematization in thiedys however, because of the complexity
of the collected data, a schema thematizationtipossible for this study.

Post-interview triad classification for theyabraic expression question indicated trans-
level classification for most of the participantand either intra- or inter-levels of
classification for most of the other participanisans-level categorization for most of the
participants is not surprising for engineering anathematics majors who are expected to
have a well-developed background in mathematics.

In relation to the Numerical Methods/Analysis cautspics and the expected analytical
calculation skills of the students, the algebraipression question indicated student
weaknesses in calculating derivatives. Derivataewdations is an important analytical part
of the topics covered in the Numerical Methods/Asi@ courses, in particular when the
Taylor series expansion of functions are conceriiérefore, the findings of this study
indicate students’ weaknesses in analytic derieatoalculations, suggesting course
instructors should stress derivative concept. Furthvestigation is necessary to attain a
better understanding of participants’ conceptuavidedge.

In conclusion, considering the APOS theory-baseth d#assification, post-interview
data collection indicated a uniform triad classifion of the participants. The responses to
the A2G question indicated participant weaknesgalculus-concept related analytical
calculations of an algebraic function. The mairiclifity of the participants appeared to be
the first and second derivative calculations.
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