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Taylor series expansion of functions has imporgaplications in engineering, mathematics, physind,computer science;
therefore observing responses of graduate andrsemitergraduate students to Taylor series questippsars to be the
initial step for understanding students’ concepbaainitive reasoning. These observations help teraéne and develop a
successful teaching methodology after weaknessie aftudents are investigated. Pedagogical résearanderstanding
mathematics and conceptual knowledge of physicensigjower series was conducted in various style$0]); however,
to the best of our knowledge, Taylor series knogtedf engineering majors was not investigated paidhis study. In this
work, the ability of graduate and senior undergeddiengineering and mathematics majors respondiagset of power
series questions are investigated. Written quesiioa responses of participating students andaft@nf-up interviews to
have a better understanding of these written resgsoare analyzed qualitatively and quantitativelyiging the Action-
Process-Object-Schema (APOS) theory. Samples dfttiaent responses to the written questionnairatenttanscribed
interview data are displayed throughout this wokkitten and oral interview data collected from pEpating STEM
majors indicated a well-established knowledge g@iraximation, a poor knowledge of the meaning ofteenoncept that
takes place in the Taylor series expansion of fanst and a well-established knowledge of infiraya part of infinite
series concept.
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Introduction

Taylor series representation of functions attragtexhy mathematics and physics pedagogy researdners.
mathematics education, comparison of geometrigpfdcal) and algebraic representations of functiasmsvell
as comparison of approximate and exact represensatif functions are considered for investigatinglents’
Taylor series knowledge. Series expansion of fonstare also widely used in engineering and comguatence
applications. In this work, seventeen graduatessmdor undergraduate students’ Taylor series kraydewill
be investigated based on their responses to fogloiTseries questions. The participants of thiglgitompleted
a calculus course that covered power series oftifumscin addition to the completion of a Numeritéthods
course that is offered either by the School of Cat@pScience or the Department of Mathematics latge
Midwest U.S. university. The responses of the pgdints are evaluated by using the Action-Procdgs¢d
Schema (APOS) theory. Participants are given apmabely 80 minutes to respond to the written questaire
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that consisted of calculus questions and thesejpants are also interviewed for about 40 minutd® calculus
guestions given in this questionnaire included fiam; derivative, integral, and power series (i
Applications of Taylor series expansions includpragimations, numerical computations, evaluatiodedinite
integrals, and indeterminate limits ([5]). Assumirig a smooth (i.e. @ function, the Taylor series expansion of

f centered at x=a is mathematically representethéeries

fGO) = F@) + To St iax — )" (1)
The Taylor series given in (1) is called the Madlaseries of the function in the case when a=@ ffncation
of the Taylor series by using a finite upper lingtthe main idea of the smooth function approxiorati
Approximation of differentiable functions using Taw series requires a good understanding of thiereéice
between several terms of the series and the @l Students’ ability to explain the differenbetween the
Taylor series approximation and the exact reprasient of smooth functions is the key point of alget
understanding of the concept. This idea is invagtg in physics and mathematics education by severa
researchers.
The research on Taylor series expansion of fungtiormathematics education is limited and maintufes on
series convergence of functions ([6—14]). Mostlefse studies’ common theme is pertaining the asdcahd
series knowledge with a bigger scope than investigéhe Taylor series knowledge of students. Sttgleisual
and non-visual reasoning of sequence and seriegemgences are investigated in [8] and [9] respebtiv
Relating graphical representation of Taylor setdethe convergence of the series is observed pmbsgible even
for students with poor mathematical backgrounds wiay not have the ability to explain the convergenc
analytically ([9]). In [10] the geometric (i.e. graical representation) understanding of the Tagkmies is
observed to be the distinguishing factor betweenetkperts and novice approaches for the taskedetatthe
Taylor series convergence. This difference betwbkenwo groups is observed by investigating theowledge
on the truncated and actual Taylor series exparmgisaveral functions. Another pedagogical researcimfinite
series is implemented in [15] in which sequencekadge of students is also observed. Hardly anagegical
research on engineering students’ conceptual psarérs knowledge is investigated prior to this gtud
The research on Taylor series expansion of funstiophysics education is also limited and emplealsmainly
on applications. In [4] students’ difficulties tormect the algebraic forms of individual termsha Taylor series
to the specific features of a graph of the funcfeg., the slope at a given point) are investigatetidocumented
on the contrary to the pedagogical research imphdedeon Taylor series in mathematics education. nam
aim of the research is to derive the Boltzmanndiagsing a Taylor series expansion of entropy. fiiigings in
[4] also indicated many participating students’ figarity with the Taylor series but their difficyitin its fluent
use during the physical applications. Another riesbkerved in [4] is the benefit of a pre-tutoti@mework

assignment for refreshing the memory of what eyacilaylor series is and its use for modeling ptglstontexts.



Action, Process, Object, and Schema (APOS) theamyconstructivist theory that deals with measueagners’
successes and failures based on the mathemastaldtions and mathematical backgrounds. One ofehéral
ideas in APOS theory is to understand learnershitivg progress after a set of instructions andsifg them to
understand the success of the instructional deddgnaction is performing an activity based on exabr
instructions. Cognitive development starts with #lementary “applications” as the actions that tumo
processes when the learner manages to operatéatedreariations. Process turns into object whem aetions
can be applied with the existing process. Scherfradse or less coherent collection of objects alaiiify actions
which the subject can perform on them” ([3]).

Pedagogical research on APOS theory applicatiofisnotions’ series expansion is limited in therbieire

([1])- The only research overlap on APOS theony iafinite series concepts’ is the report that diéss a
three-semester calculus course developed at Puhdiversity with support from the U.S. National Swe
Foundation. The design of the course was basedRidSAtheory and involved students writing and rugnin
programs in a mathematical programming languagensaidng calculations on the computer using a symbol
computing system. The pedagogical strategy comsadteooperative student group work in a compubr |
where they are expected to develop mental structwyeising the mathematics instructions. Studeets a
confronted with problem situations designed totgem use the mental structures developed in theaten
lab to construct their understanding of mathemhktioacepts in small groups. Assignments are intdride
provide practice with standard calculus problent r@nforce their understandings ([2]). The literaton
engineering and mathematics majors’ function seéamesvledge investigation prior to this study isywémited.
In this work, the following four research questi@me asked to the participants as a part of alagged

research that also included calculus questions.

12. In a few sentences legibly answer each of the following questions (a)
through (d).

a) Describe the difference, if any, that exists between e* and 1 + §{ + 57
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The four research questions given in (a) - (d)dmsigned to observe participants’ responses tdollmving
Taylor series’ subject matters:
1. The difference between the Maclaurin series of agptial function and its approximation.
2. The difference between the Taylor series approxanaif the exponential function centered at x=1 and
X=2.
3. The difference between the Maclaurin series andofagries expansion (when x=2) of the exponential
function.



4. The difference between finite and infinite serib& Maclaurin series of the exponential functiod as
approximation up to a number of finite terms.
The following exponential function information isgvided to the participants in the questionnaire.

00 n 2 3

s - % ety &

g Z_:E?_ totata
o0 T 2 3

{z—1) _ 73 Wz=1) | o{z-1) 2(z—1)

£ = ;e W e e g, A
o0 n 2 3

- 2(£-2)" 5 2(x=2) (-2  ,(z-2)

g = ;g —n! =e +e T +e 5 + e w-——v——gl

APOS theory classification of the engineering ardhematics students will be implemented by usiegtthitten
and video recorded interview responses to the gabject matters. Each one of these subjects widinadyzed
in different sections with the supporting writtamdaranscribed video responses of the participitis. work is
the first application of the APOS theory to clagséngineering and mathematics learners’ Tayloreseri
knowledge to the best of our knowledge.

Maclaurin Series & Approximation

In this section participating students responseldaesearch question

[§)

a) Describe the difference, if any, that exists between e* and 1+ 56T B
will be evaluated based on their written questiar@nand interview responses. The purpose of thestion is to
understand graduate and senior undergraduate enigigeand mathematics students’ basic knowledge of

Maclaurin series approximation. Participants’ cdgei reasoning to describe the differences betweeand

2
1+%+% is observed. Diverse explanations of the diffeeehetween these two terms is observed during the

interviews.

13. In a few sentences legibly answer each of the following questions (a)
through (d).
a) Describe the difference, if any, that exists between e® and 1+ 3} + ﬁ—f
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Fig. 1 Response of research participant 4



Interviewer: Here we have three different ways to represensainge function and part (a) says describe the
difference if any that exists betweefnamd its first three terms. And you are sayingreatly a difference
between. Can you explain me your answer?

RP 4:1 can't remember really. There supposed to beaigthere | think. (writes the limit in front of éh
summation term

S X
lim —
n—o n!
n=0
I mean if you do enough terms they should go faréwe I'm not sure.

n

Interviewer: ...in this case when you said infinity what do yoean by that (pointingim Y.,_, xn—Tzoo) and
n—oco :

you have limit of &is .

RP 4:1I'm not really sure now, | have no idea.

Interviewer: Okay. And do you know ... error term?

RP 4:...not really.

Interviewer: If | tell you that there might be an error ternmrdyecan you figure out how that works?
RP 4:No, not really.

N
) ) ) ~- <
13. In a few sentences legibly answer each of the following questions (a) /\ :
through (d). gu pv O
a) Describe the difference, if any, that exists between e* and 1 + 4 9‘,;- /
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Fig. 2 Response of research participant 15

Interviewer: Here the question says, you are given three diftdypes of representations ¢fad the question
2
is asking to describe the difference betweearal this (pointing the terms+1% + ’;—') And you are saying‘as

. - . x |, x?
bigger than that (Pointing written pait® 1+ ot E)

In terms of error, if you compute error, what wothdt be? What would be the error term?

3
RP 15:...it would be just for this example, the error taejust next term in the sequence (Wrﬁe)s

3!
Interviewer: That's it?

RP 15:Yes, it is bigger than that though. | know becdusave seen it. And the rest of it (Wri€§s+ ’;—T)
2 3
Interviewer: Here you are saying & bigger than this 1% + ’;—' because’-;e )) and so on so forth (pointing ...

of’;—T +... part) is bigger than zero. ...what do you meathlt?

RP 15: ... mean we know that the error is positive. Like wnow that the actual function greater than our
approximation.



The participants’ reasoning of the approximatiomiadh based on the majors. For example, RP 3 and RP
answered part (a) using the Big O notation whica vgell-known concept in Computer Science to dbsciine
error term difference between the finite and inérgeries. 89.24% of the participants had the cbresponse to
part (a).

Taylor Series Approximation Differences

The responses of the participants to the researestign

b) Describe the difference, if any, that exists between e! + €' LI];,11 + el (I—_,,]—);

2 (x—2) |, 2 (z—2)2
and e? + €2 - t e 75—

will be evaluated based on their written questiarnand interview responses. The purpose of théstjon is to
understand graduate and senior undergraduate engig@nd mathematics students’ knowledge in Tasdoies
approximation of the exponential function centeaetivo different input values: x=1 and x=2. Studemére not

only expected to realize that these two functioms different mathematically but also they were expe to

— _1)2 _ _2\2
realize that &+ ! (xlll) +e& 2'1) and &+ & (xllz) + el 2'2) are Taylor series approximations of the exponkntia

function centered around x=1 and x=2 respectiv®me of the participating students respond by thgnkhat
the “difference” stated in the question is the reathtical difference.

Written responses of research participants 1, 4133,14, 16, and 17 given in Figures 3-9 reflectiee
mathematical difference between the given two seproximations. During the interviews the papcits were
shown Equation (1) given in Section 1 when f(x)=Rarticipants 1, 4, and 14 could not remembelotegional
difference between the two Taylor series approxwonatgiven in the question whereas participani68and 17
were able recognize the locational difference betwthe two terms and explain how they differ inteen
Participant 13 tried to explain the difference betw the finite Taylor series terms but could nateed during

the interview.
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Fig. 3 Response of participant 13
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Fig. 5 Response of participant 14
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Fig. 6 Response of participant 8
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Fig. 8 Response of participant 1
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Fig. 9 Response of participant 4

The correct answer to the question is given byptirgicipants 3, 5, 9, 10, 11, and 12 with partioipa having

the best written response among all the particgpdparticipant 6 was not sure about his/her regptmghe
guestion neither before the interview nor afterititerview
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Fig. 10 Response of participant 5

Fig. 11 Responseatipipant 6



Research participant 2 left the question blank didchot want to respond to the question duringitierviews
either. One of the Computer Science majors, RPrd€ponded to the research question from compugdtion

difference perspective. The written response op#méicipant is given in Figure 12 below:

b) Describe the difference, if any, that exists between el 4+ e? (=3} 4 o1 (m;;)z =
and 2 + ezgrl;.2l +e25-£-_§—!2;154 =4
A %0‘!‘((_5 le}S CD“P-—L‘**—-“:L\'\

Fig. 12 Response of participant 15

Overall, 56.25% (9 out of 16 participants) hadrilgat response to the research question (b) dfeeimterviews.
The way that the research question stated seentetfiose some of the participants prior to therinésvs which
indicates the importance of how the question shbaldtated. The pedagogical evaluation of the oprest only
done respecting the after interview responses.

Maclaurin & Taylor Series’ Approximation Difference s

In this section participating students’ written antérview responses to the research question

n

o0
c) Describe the difference, if any, that exists between the infinite series Z 5

2 (x—2)"

and the infinite series E & 3

n=0
will be evaluated. Students were expected to reahat the given infinite series are Taylor seergansion of
exponential function with centers x=0 and x=2 ttvsahe question.
RP 1 was not able to explain the difference of dagkries centers during the interviews. The givemseries

were compared from equality perspective. Partidigamad conflicting view of the series given in tig 13.
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Fig. 13 Response of participant 4
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Fig. 14 Response of partiuilp5
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Fig. 15 Respmof participant 7

Participant 7 had the correct location analysithefquestion during the interview:

Interviewer: ...describe the difference between these two sands/ou are saying two different series with the
same value. And what is the difference in termcéhtion?

RP 7: The second one is around one, the second oneus &to so. Just still end up being equal, shotlgnif
you take the infinite. Because you are not havimgexror in either case.

Participants 8 and 9 both tried to answer the gue$tom convergence perspective but did not sut¢garen
in Figures 16 and 18).
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Fig. 16 Response atigipant 8 Fig. 17dRense of participant 7

Interviewer: ...here describe the difference, if there is anywben the two infinite series
RP 8:One is located at zero the other one at two.
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Fig. 18 Response of participant 13
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Fig. 19 Response of participant 15
Participant 13 tried to explain his/her writtenther in detail during the interview:

RP 13:1 mean there is the problem that | just had, I mjeat noticed with this series. You can't getvhkie &
out of this. But these two series should be theesalsewhere. | mean | don't see why they shouben'it all
values except x=2, but these series also requineslyeady know the valué er &, although could we look back
here...This series (pointing the series centered=2j in the presetting requires you to know e2. Galiating
this series (pointing the Maclaurin series) willrhere indirect whereas, say we already know theevaf é or
€ (pointing the series centered at x=2) to calculstenumber here (pointing the series centered 2t we need
to use this series (pointing the Maclaurin serseghe series before if we want to find this nuroaity.

Written response of participant 15 was from a cotapenal perspective while his interview responss\more

comprehensive due to the set of questions raisédebinterviewer:

Interviewer: ...and here you are saying?

RP 15: Takes less computation.

Interviewer: ...in terms of computational complexity of it you ajegproaching from or number of computations
you can count here? ...in terms of location, whahésdifference?

RP 15:This is around zero (pointing the Maclaurin sgrigss (pointing the series centered at x=2) is 2.
Interviewer: ....is there a difference between them in terms ottion?

RP 15: This is (pointing the series centered at x=2) biggan this one (pointing the Maclaurin)

Overall only 16 out of 17 participants respondeduestion (c). Only 37.5 % of the participants tael correct
response to question (b). Majority of the partiaigacorrected or responded right to the questiamgdtithe

interviews. One of the participants preferred tbarswer the question.



Finite & Infinite Maclaurin Series Difference

In this section participating students responseldaesearch question

z™
n!

k
d) Describe the difference, if any, that exists between finite series > and
n=0

o0
. s g e
the infinite series > AT
n=—

will be evaluated based on their written questiarnand interview responses. The purpose of théstjon is to
understand graduate and senior undergraduate engigeand mathematics students’ basic knowledge of

Maclaurin series and its’ approximation. Particifganognitive reasoning to describe the differenoetsveen €
andZﬁzo’;—' is observed similar to the research questionTa¢ difference between the given two terms’ is

explained in various ways by the participamarticipants 2, 8, and 9 responded to questiofrdd) a “limiting
value” perspective (given in Figures 20-22) witms&how improper written explanations. Participamtiéd to

explain his/her written response during the inemwfurthermore:

Interviewer: Okay, what about this one (part d)? Is there afigrdnce between these two?

RP 2: Yeah, | think you can get actual value from thi® gpointing the Maclaurin series), but this onegto
the positive infinity so maybe the value also gmethe positive infinity.

Interviewer: That's the difference?

RP 2: Yeah.
d) Describe the difference, if any, that exists between finite scricsgj ;—"‘\iand d) Describe the difference, if any, that exists between finite series Ek_‘, £ and
L] ] " !
the infiite series ) %7, 4 the infinite series ¥ £, n
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Fig. 20 Response of participzint Fig. 21 Respe of participant 8
d) Describe the difference, if any, that exists between finite series i %‘ and
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Fig. 22 Response of participant 9
The rest of the participants, 76.47% (13 out ofparticipants), had the correct approximation respaio the

guestion either during the interviews as the writiesponse.



APOS Theory Classification & General Results

The research question investigated in this worldésigned to study senior undergraduate and graduate
mathematics and engineering students’ strengthshvaadknesses on Taylor and Maclaurin series. Exp@hen
function is chosen for ease of Taylor series expangpresentations; Maclaurin and Taylor seripsagentations

of the exponential function are provided to thetipgrants. The finite or the infinite series remetation of the
exponential function centered at x = 0, 1, or 2theefocus points of the research question. The & B@ory
classification of the participants is determinedusing all four parts (a)-(d) of the question. “idet’ ability of

the participants was measured in part (a) withrtheility to respond this question correct. 88.28%the
participants showed their ability to relate thestfithree terms of the finite series approximatibre*oand the
exponential function itself indicating their abjlito act on their finite Maclaurin series knowleddéey are
expected to transform this knowledge to “Procegsshowing their ability to respond to question (€§.47% of

the participants were able to carry their serieskadge to the “Process” level by showing relatpvatlvanced
knowledge of Maclaurin series. Correct responsegiéstion (¢) indicated participating studentsligbio relate
Maclaurin series to the Taylor series of the exptiméfunction centered at x = 2 and determined“®ieject”
classification. 62.5% of the participants are diedito be in this category. Two Taylor series @mations of

the exponential function centered at x =1 and xr2gaven in question (b). Participants who detegdithe
difference between these two approximations arenasd to have the conceptual understanding of series
representation and classified in the “Schema” stddlee APOS theory. 31.25% of the participantscralified

to be in the Schema category of the APOS theory.

Conclusions & Future Work

In this work STEM graduate and senior undergradstatéents’ Taylor series knowledge is evaluate@das

the written and interview responses to the follayviesearch questions:

2
- Describe the difference, if any, that exists betwefeand 1+ = + ~

- —1)2 _ —_1)2
« Describe the difference, if any, that exists betwee- ' (x1'1) +é (x;) and é+ & (x1'1) + & (x2'1)
xn

» Describe the difference, if any, that exists betwéee infinite serie§]$l°=0; and the infinite series

oo 2 (x=2)"

- Describe the difference, if any, that exists betwiixite serieS:)_,~ and the infinite serieB;_, >

To the best of our knowledge there was no pedagbggsearch on engineering majors’ Taylor seriesadge
prior to this work. The four research questionsetigyed in this study are designed to evaluate giaatnts’

Taylor series knowledge by using APOS theory. Tdllewing content is observed as a part of thesestijures:



1. The difference between the Maclaurin series of agptial function and its approximation.
2. The difference between the Taylor series approxanadf the exponential function centered at x=1 and
X=2.
3. The difference between Maclaurin and Taylor segiggansion (when x=2) of the exponential function.
4. The difference between finite and infinite serib& Maclaurin series of the exponential functiod as
approximation up to a number of finite terms.
Determining engineering majors’ Taylor series krexnige can be particularly important due to the ddeite

series approximation for error term calculationsapproximation theory. In particular, Calculus, Narioal
Methods and Numerical Analysis instructors whotaeehing STEM majors can benefit from the resulthis
study. Participating STEM majors written and ordérview results indicated

» well established approximation knowledge

* poor conceptualization of the Taylor series’ center

» well established ability to deal with infinite sesi
The results indicated 88.23% of the participanésairthe “Action” level; 76.47% of the participamtie at the
“Process” level; 62.5% of the participants aréhat'Object” level; 31.25% of the participants aréhe “Schema”
level.
Furthermore investigation on engineering and maétes students’ conceptual knowledge of power seage
needed by applying different pedagogical methodekgror instance, concept image and concept tefini
mismatch of Taylor series knowledge of studentseapgr to be one of the main reasons of power series
misconception of the participants in this artidlegrefore developing a pedagogical method centateitie
conceptual power series definitions and the comedipg images can strengthen the conceptual uradelisg
of students with the support of technology. Redea and educators are invited to investigate pegleal
impact of combining the concept image and concefihidion of mathematical series to teach powereseof

functions.

References

1. Arnon I, Cottrill J., Dubinsky E., Oktac A., FuestS.R., Trigueros M., and Weller K. (2014). APO®dry: A framework
for Research and Curriculum Development in Math&sdducation. Springer NY Heidelberg Dordrecht dlon, 2014.

2. Dubinsky, E., & Schwingendorf, K. (1990). Calculaencepts, and computers—Innovations in learnihgubas. In T. Tucker
(Ed.), Priming the calculus pump: Innovations aesburces. MAA Notes 17 (pp. 175-198). Washingtdd;, Mathematical
Association of America.

3. Dubinsky, E. (1986). Reflective abstraction and pater experiences: A new approach to teaching étieat mathematics.
In G. Lappan & R. Even (Eds.), Proceedings of theABnual Meeting of the North American Chapter o titernational
Group for the Psychology of Mathematics Educatteast Lansing, MI.

4. Smith T.l.,, Thompson J.R. and Mountcastle, D.Bd8ti understanding of Taylor series expansionsatis§cal mechanics,
Physics Education Research, 9, 020110, (2013).

5. Mary L. Boas, Mathematical Methods in the Physteaiences (John Wiley & Sons, New York, 1983), 2ditien



6.

10.
11.

12.

13.

14.

15.

I. Kidron and N. Zehavi, The role of animation &@athing the limit concept, Int. J. Comput. Algebkfath. Educ. 9, 205 (2002).
Michael C. Oehrtman, Collapsing dimensions, physiitaitation, and other student metaphors for limincepts: An
instrumentalist investigation into calculus studgéspontaneous reasoning, Ph.D. thesis, The UriyefTexas, 2002.

Lara Alcock and Adrian Simpson, Convergence of eaqas and series: Interactions between visualmeagand the learner’s
beliefs about their own role, Educ. Stud. Math. 572004).

Lara Alcock and Adrian Simpson, Convergence of eagas and series 2: Interactions between nonvisaabning and the
learner’s beliefs about their own role, Educ. Stddth. 58, 77 (2005).

Samer Habre, Multiple representations and the wtaleding of Taylor polynomials, PRIMUS 19, 417 (2D0

Jason Howard Martin, Expert conceptualizationshef ¢convergence of Taylor series yesterday, todayt@morrow, Ph.D.
thesis, University of Oklahoma, 2009.

Jason Martin, Michael Oehrtman, Kyeong Hah Roh,dC8&winyard, and Catherine Hart-Weber, Studentisivention of
formal definitions of series and pointwise convermgenin Proceedings of the 14th Annual ConferenceResearch in
Undergraduate Mathematics Education, edited by®wB, S. Larsen, Karen Marrongelle, and Michael @ehan (SIGMAA
on RUME, Portland, OR, 2011), Vol. 1, pp. 239-284d://sigmaa.maa.org/rume/RUME_XIV_Proceedingsluvee_1.pdf].
Danielle Champney and Eric Kuo, An evolving visimahge of approximation with Taylor series: A caggly, in Proceedings
of the 15th Annual Conference on Research in Unrddrtgate Mathematics Education, edited by Stacy Br&ean Larsen,
Karen Marrongelle, and Michael Oehrtman (SIGMAA d&UME, Portland, OR, 2012), Vol. 1, pp. 94-107
[http://sigmaa.maa.org/rume/RUME_XV_Proceedings uvieé_1.pdf

David Kung and Natasha Speer, Do they really @Eitaluating evidence of student understandingwfep series, PRIMUS
23, 419 (2013).

McDonald, M., Mathews, D. & Strobel, K. (2000). Wardtanding sequences: A tale of two objects. RekdarCollegiate
mathematics education 1IV. CBMS issues in mathemagiducation (Vol. 8, pp. 77-102). Providence, Rmehican
Mathematical Society.



