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Abstract— In this paper we show how to implement full- and 

reduced-order observers using the software packages for 
computer aided control system design MATLAB and 
SIMULINK. As a matter of fact, we show how to implement a 
linear system  and its observer, represented by their state space 
forms,  using the SIMULINK state space blocks. We discuss how 
to choose the observer(s) initial conditions and how to setup the 
observer gain(s). The presentation is done at the level of 
undergraduate students who have completed a basic 
undergraduate class in control systems and have knowledge of 
the state space linear system representation.  Having full 
understanding of  the observer implementation(s), students and 
engineers will feel confident to use these observers and observer 
based controllers in numerous engineering and scientific 
applications. 
 

Index Terms—Observer Design, Reduced-Order Observer 
Design, Implementation in MATLAB and SIMULINK. 

I. INTRODUCTION 
HE design of observers is usually considered as a graduate 
level topic and taught in a graduate level control 

engineering course. However, in the most recent editions of 
several standard undergraduate control system textbooks we 
can find the coverage of full-order and even reduced-order 
observers [1]-[8]. In this paper, we clarify how to implement 
these observers using the software packages for computer 
aided control system design MATAB and SIMULINK. We 
discuss also how to choose the observer initial conditions and 
how to set up the observer gain(s). Note that observers are 
used these days not only for the purpose of feedback control, 
but also in  their own right to observe state variables of a 
dynamic system, which can be an experiment in progress 
whose state has to be monitored (observed, estimated) at all 
times. 

In undergraduate classes on control systems, we deal with 
time invariant linear systems represented in state space form  
by 

0)0(),()()( xxtButAx
dt

tdx =+=                  (1) 

where  )(tx  is the state space vector of dimension n , )(tu  is 
the system input vector (that may be used as a system control 
input) of dimension m , and matrices A  and B  are constant  
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and of appropriate dimensions. To take the advantage of good  
features of feedback (see for example Chapter 12 of [9]), it is 
often assumed that all state variables are available for 
feedback (full-state feedback), meaning that a feedback 
control input can be constructed as 

                       )())(( tFxtxu −=                                (2) 
where  F  is a constant feedback matrix of dimension nm × . 
There is an important implementational difficulty of full-state 
feedback controllers. This difficulty is in the fact that all state 
space variables must be available for feedback, which in the 
case of higher-order dimensional systems creates a lot of 
feedback loops and might be very costly and/or not practical. 
Even more, often some state variables are not available for 
feedback. Instead, an output signal that represents a linear 
combination of the state space variables is available only as  

            )()( tCxty =                                   (3) 
In general, the dimension of the output signal is much 

smaller than the dimension of the state space variables, that 
is, ( ){ } ( ){ }txnclty dimdim =<== , where { }Cc rank= . 
Hence, we have also assumed that there are not redundant 
measurements. In such a case, under certain conditions, we 
can use an observer, a dynamic system driven by the system 
input and output signals with the goal to reconstructing 
(observing, estimating) at all times all the system state space 
variables. 

II. FULL-ORDER OBSERVER DESIGN 
The theory of observers originated in the work of 

Luenberger in the middle of the 1960s, [10]-[12]. According 
to Luenberger, any system driven by the output of the given 
system can serve as an observer for that system. Consider a 
linear dynamic system 

)()(
unknown)(),()()( 00

txCty
xtxtuBtxAtx

=
==+=

          (4) 

The system output variables are available at all times, and 
that information can be used to construct an artificial dynamic 
system of the same order as the system under consideration, 
order n, which will estimate the system state space variables at 
all times. Since the matrices CBA ,,  are known, it is rational 
to postulate an observer for (4) as 

)(ˆ)(ˆ
ˆ)(ˆ),()(ˆ)(ˆ 00

txCty
xtxtuBtxAtx

=
=+=                    (5) 

If we compare the outputs )(ty  and )(ˆ ty , in general, they 
will be different since in the first case the initial condition of 
(4) is unknown, and the initial condition of the proposed 
observer (5) can be chosen arbitrarily by a control engineer. 
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The difference between these two outputs defines an error 
signal  

        )()(ˆ)()(ˆ)( tCetxCtCxtyty =−=−                  (6) 
which can be used as the feedback signal to the observer such 
that the estimation (observation) error )(ˆ)()( txtxte −=   is 
reduced, theoretically goes to zero at steady state. The 
observer that takes into the account feedback information 
about the observation error is given by [10]-[12] 

)()()(ˆ))(ˆ)(()()(ˆ)(ˆ tKCetButxAtytyKtButxAtx ++=−++=  
                                                                                               (7) 
where the matrix K represents the observer gain that has to be 
chosen such that the observation error tends to zero as time 
increases. From (4) and (7), we get an expression for 
dynamics of the observation error as 

  unknown)(),()()( 0 =−= teteKCAte                 (8) 
If the observer gain K  is chosen such that the feedback 

matrix KCA −  is asymptotically stable (has all eigenvalues 
with negative real parts), then the estimation error )(te  will 
decay to zero for any initial condition )( 0te . This stabilization 
requirement can be achieved if the pair ),( CA  is observable.  
By taking the transpose of the estimation error feedback 
matrix, that is, TTT KCA − ,  it can be seen that  the pair 

),( TT CA  must be controllable [1]-[8], in order to place the 
observer eigenvalues in the left half of the complex plane, and 
make it asymptotically stable. It is known that controllability 
of the pair  ),( TT CA  is equal to observability of the 
pair ),( CA , which is the condition needed for the observer 
design, [1]-[8] 

The observer eigenvalues should be chosen to be about ten 
times faster than the system eigenvalues. This can be achieved 
by setting the smallest real part of the observer eigenvalues to 
be ten times bigger than the largest real part of the closed-loop 
system eigenvalues 

{ } { }
systemmaxobservemin )(Re10)(Re BFAKCA

r
−>− λλ   

(9)           
Theoretically, an observer can be made arbitrarily fast by 

pushing its closed-loop eigenvalues very far to the left in the 
complex plane, but very fast observers generate noise, and this 
is not desirable. In control system practice, instead of ten 
times, it is sufficient that the closed-loop observer eigenvalues 
are faster than the closed-loop system eigenvalues 5-6 times. 
If an observer is used only for the purpose of observing the 
system states, the condition (9) is not relevant and the observer 
closed-loop eigenvalues should be made sufficiently fast 
(faster than the system dynamics). 

A. Separation Principle 
It is important to point out that the system-observer 

configuration preserves the closed-loop system eigenvalues 
that would have been obtained if the linear perfect state 
feedback control had been used. This fact will be shown in the 
follow-up of this section. The system (4) under the perfect 

state feedback control, that is, )()( tFxtu −=  has the closed-
loop form 

               )()()( txBFAtx −=                              (10) 
so that the eigenvalues of the matrix BFA −  are the closed-
loop system eigenvalues under perfect state feedback. In the 
case of the system-observer configuration, the actual control 
applied to both the system and the observer is given by 

                )()()(ˆ)( tFetFxtxFtu +−=−=                    (11) 
From (8), (10) and (11), we have 
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with the obvious definition of matrix A. Since the state 
matrix of this augmented system is upper block triangular, its 
eigenvalues are equal to the eigenvalues of matrices BFA −  
and KCA − . A  relation among ),(),( tetx  and )(ˆ tx  can be 
written using the definition of the estimation error as 
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Note that the matrix T is nonsingular. In order to go from 
xe -coordinates to xxˆ -coordinates we use the similarity 
transformation defined in (13), which has a property of 
preserving the eigenvalues, [1]-[8], that is, the eigenvalues  

)( BFA −λ  and )( KCA −λ  obtained in the xe-coordinates  

are identical to the system-observer eigenvalues  in the xxˆ -
coordinates. This fact that the system-observer configuration 
has the closed-loop eigenvalues separated into the original 
system closed-loop eigenvalues (obtained under perfect state 
feedback) and the actual observer closed-loop eigenvalues is 
known as the separation principle. Hence, the system and the 
observer eigenvalues can be independently placed (assigned) 
into desired locations using the system gain F and the 
observer gain K . 

B. Observer Implementation in SIMULINK 
An observer, being an artificial  dynamic system of the 

same order as the original system, can be built by a control 
engineer using either capacitors and resistors (what electrical 
engineers would do) or using masses, springs, and frictional 
elements (what mechanical engineers would prefer) or using 
simply a personal computer that simulates and solves the 
corresponding differential equation what anybody with the 
basic knowledge of control systems and differential equations 
can do, especially those familiar with MATLAB and 
SIMULINK.  

As constructed in the previous section, an observer has the 
same structure as the original system plus the driving 
feedback term that carries information about the observation 
error, that is 

     ( ) ( ) ( )
( ) ( )txCty

tytyKtuBtxAtx
ˆˆ

))(ˆ)((ˆˆ
=

−++=                 (14) 

In practice, the observer is implemented as a linear dynamic 
system driven by the original system input and output signals, 
that is,  )(tu  and )(ty . Namely, eliminating )(ˆ ty  from the 



 
 

 

observer equation (7), we obtain the following observer form 
used in practical implementations 

   )()()(ˆ)()(ˆ tKytButxKCAtx ++−=              (15)                            
The corresponding block diagram of the system-observer 

configuration, also known as the observer based controller 
configuration,  is presented in Figure 1 with the feedback loop 
closed using  the feedback controller as defined in (11), 
namely )(ˆ)( txFtu −= . This block diagram can be 
implemented using MATLAB/SIMULINK as presented in 
Figure 2. 

 
Figure 1: Block diagram for the system observer 

configuration 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 2: SIMULINK implementation of the system-

observer configuration 
 

In Figure 2, the rectangular blocks at the end of signal flows 
(sinks) pass the identified data (variables) to the MATLAB 
workspace. The clock generates the time vector and passes it 
to the MATLAB workspace. The signals maybe observed on 
the scopes (by clicking on them twice using the left mouse 
bottom) or plotted in MATLAB using, for example, plot(t,y). 

In Figure 2, the state space block of SIMULINK is used. 
That block allows only one vector input and one vector output. 
For that reason, we first represent the observer defined in (15) 
as a system with one augmented input as 

        [ ] ⎥
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Using the given dimensions of the state, input, and output 
variables, respectively given by n , m , and c , we set up the 
system matrices for the state space SIMULINK blocks (by 

clicking and opening the blocks and setting the block 
parameters) as follows. For the system, the matrices are 
respectively: A, B, C, zeros(c,m), the last one meaning a 
zero matrix of dimensions mc × . Note that in the original 
state space form the input signal is not present in the system 
measurements so that 0=D , and this matrix is of dimensions 

mc × . The system initial condition is unknown, but in order to 
be able to run simulation we must put something for the initial 
condition, any vector of dimension n, which we denote by x0. 
The system state space block setup in SIMULINK is: 

 
System State Space Block Setup: 

A, B, C, zeros(c,m), x0                      (17) 

By double clicking on the system state space block in the 
SIMULINK window using the left mouse, we will be able to 
setup the system state space data. Namely, a new window will 
open in which we input the system data. These matrices must 
be previously defined in the MATLAB window by running the 
corresponding MATLAB program. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
The results obtained for )(ty  and )(ˆ ty , and output 

observation error )(te  may be presented using the SIMULINK 
block “scope”, or passed to the MATLAB window, together 
with time, where they can be plotted using the MATLAB 
function, for example for the output observation error, 
plot(t,error). Such a figure can be further edited using 
numerous MATLAB figure editing functions. 

For the observer, the corresponding matrices should be set 
using equation (16) as:  

 
          Observer State Space Block Setup:  

 A-K*C, [B K], eye(n), zeros(n,m+c); x0hat          (18) 

The first matrix is the observer feedback matrix, the second 
one is the augmented matrix of two inputs into the observer, 
see (16), and the  third matrix set to identity of dimension n  
indicates that we want to see (obtain) on the observer output 
estimates of all n  state variables. The forth matrix represents 



 
 

 

the matrix “D” in the observer block and due to the fact that 
the input matrix into the observer is the augmented matrix [B 
K] of dimension )( cmn +×  and the output matrix from the 
observer is of dimension nn ×  (identity matrix nI ), the 
dimension of the zero matrix must be )( cmn +× . Finally, the 
last entry in (18) denotes the observer initial condition vector 
that can be set arbitrarily. Later on in the paper we will discuss 
a rational choice of the observer initial condition. These 
matrices can be entered in the SIMULINK state space block 
by using a left mouse and double clicking on the observer state 
space block, which will open a new window. 

The corresponding MATLAB code is given by  
 
>> % System State Space Block Setup 
>> n = “dimension of state vector”;  
>> % dimension of system; 
>> m = “dimension of input vector”; 
>> c = “dimension of output vector”;  
>> % dimension of output vector = l = c = rank(C); 
>> A=A; B=B; C=C; D=zeros(c,m);  
>> % assumed D is a zero matrix 
>> %  to be able to run simulation we must assign  
>> %  some value to the system initial 
>> %  condition since in practice this value is given,  
>>  % but unknown, that is 
>> x0 = “some vector of dimension n”; 
>> % Observer State Space Block Setup 
>> Aobs=A-K*C; Bobs=[B K];  
>> Cobs=eye(n); Dobs=zeros(n,m+c); 
>> % xobs=”any vector of dimension n” 
 
     Note that we put for the observer output matrix an 

identity matrix since we want to see all state variables on the 
observer output. The observer is an artificial system built by a 
designer and hence all state variables could be available if the 
observer is properly designed. We have to specify also the 
observer initial condition. In general, it can be any vector 
whose dimension is equal to the dimension of the system state 
space variables. Engineering experience can help to choose 
observer’s initial condition, but no general guidelines exist. In 
practice, engineers often set 0)0(ˆ =x , [13], so that 

)0()0(ˆ)0()0( xxxe =−= . It was recommended in [13], that 
partial information about the system initial condition available 
from the system measurements at the initial time, that is, 

)0()0( Cxy = , can  be used to obtain a value for )0(x̂ . In such 
a case, )0(x̂  can be obtained via the least square method  of 
[13] as  

     )0()()0(ˆ 1 yCCCx TT −=                              (19) 
where )0(y  is a known measured signal at 0=t . 

III. REDUCED-ORDER OBSERVER DESIGN 
Consider the linear dynamic system defined in (4) with the 

corresponding measurements. We have assumed that the 
output matrix C  has full rank equal to c . This means that the 

output equation )()( tCxty =  represents at any time c  linearly 
independent algebraic equations for n  unknowns state 
variables )(tx . Note that  )(ty  is measured system output, and 
hence a vector of dimension c  is known at all times. In this 
section, we show how to construct an observer of order 

cnr −=  for estimation of the remaining r  state space 
variables ( c  state variables can be obtained directly from the 
system measurements )()( tCxty = ). 

It will be seen that the procedure for obtaining the reduced-
order observer is not unique. We can find an arbitrary matrix 

1C  of dimension nr ×  whose rank is equal to cnr −=  such 
that the augmented matrix 

n
C
C
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rank                                 (20) 

has full rank  equal to n . Let us introduce a vector )(tp  of 
dimension r  as 

          )()( 1 txCtp =                                   (21) 
Putting together (3) and (21), we have 
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An estimate of )(tx  can be obtained from (22) as 
)(ˆ)()(ˆ 1 tpLtLytx +=                             (23) 

where )(ty  are known system measurements and )(ˆ tp  has to 
be obtained using a reduced-order observer of dimension 

ncnr <−= . Before we proceed with construction of a 
reduced-order observer for )(tp , we notice from (22) that the 
following algebraic relations exist 
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where rcn III ,, , are unit matrices of corresponding 
dimensions, with rcn += . 

Since from (21)  we have )()( 1 txCtp = , the differential 
equation for )(tp  can be easily constructed using the original 
system differential equation (4) and formula (22), which leads 
to 

{ } { }
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Trying to design an observer for )(tp  using the above 
established principle (see (14); an observer has the same 
structure as the original system plus the driving feedback term 
that  carries information about the observation error) we will 



 
 

 

find out that )(ty  does not carry information about )(tp  since 
in view of (24) we have 

    )(0)())()(()()( 1 tytytpCLtLyCtCxty =+=+==     (26) 
We get more information about )(ty  if we know )(ty , in 

which case we have 

)()()(
)()()()(

1 tCButCALytpCAL
tCButCAxtxCty
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+==

                 (27) 

This indicates that )(ty  carries information about )(tp  so 
that we can construct an observer for )(tp as follows 

))(ˆ)(()()()(ˆ)(ˆ 11111 tytyKtBuCtALyCtpALCtp −+++=        
(28) 

where 1K  is the reduced-order observer gain, which has to be 
determined such that the reduced-order observer error 

)(ˆ)( tptp −  goes to zero as time increases.       The reduced-
order observer measurement is obtained from (27) by 
replacing )(tp  by its estimate (observation) )(ˆ tp , that is 

   )()()(ˆ)(ˆ 1 tCButCALytpCALty ++=               (29) 
 Signal differentiation is not a recommended operation since 

it is very sensitive to noise; it in fact amplifies noise so it 
should be avoided in all practical applications. We will see 
from what follows that using an appropriate change of 
variables we will be able to completely eliminate this request 
for information about the derivative of system 
measurements )(ty . 

Eliminating )(ˆ ty  from (28) using (29), we have  
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Bringing the term with )(ty to the left-hand side of equation 
(30) and introducing a change of variables as 

)()(ˆ)(ˆ)()(ˆ)(ˆ 11 tyKtptqtyKtptq −=⇒−=    (31) 

we obtain the reduced-order observer  for )(ˆ tq represented by 
the following linear dynamic system 

      )()()(ˆ)(ˆ tyKtuBtqAtq qqq ++=                  (32) 

where 
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Using the observation for )(ˆ tq  obtained from (32)-(33), the 
reduced order observer estimate is obtained from (31) 
as )()(ˆ)(ˆ 1 tyKtqtp += , which gives the estimate of the 
original state space variables as  
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      (34)  

The reduced-order observer is also implemented in 
SIMULINK. The corresponding matrices defined in (33) and 
evaluated in MATLAB are entered in the SIMULINK state 
space block for the reduced-order observer.  The obtained 
system-reduced-observer configuration is presented in Figure 

3. Note that we have assumed ( ){ } clty ==dim . where 
{ }Cc rank= . For the reduced-order observer, the 

corresponding matrices should be set using  as:  
 

Observer State Space Block Setup:   

Aq, [Bq Kq],  eye(n-c), zeros(n-c,m+l); x0hat (35) 

 

Figure 3: System reduced-order-observer configuration 
 

A. Setting Reduced-Order-Observer Eigenvalues in the 
Desired Locations 
We need to appropriately place the reduced-order observer 

the eigenvalues such that roughly the reduced-order observer 
be ten times faster than the system whose speed is determined 
by the closed-loop system eigenvalues given by )( BFA −λ . 
Note that the reduced-order observer matrix can be written as  

( ) ( )11111111 CALKALCCALKALCAq −=−=         (39) 

To be able to find the reduced-order observer gain 1K  to 
arbitrarily place the reduced-order observer eigenvalues, the 
pair ( )), 111 CALALC  must be observable. It can be shown that 
this condition is satisfied if the original system is observable 
(the pair ( )CA,  is observable). We can set the reduced-
observer eigenvalues using the following MATLAB code: 

 
>> % checking the observability condition 
>> O=obsv(C1*A*L1,C*A*L1); rank(O);  
>> % rank must be equal to r 
>> % finding the closed-loop system poles 
>> lambda_sys=eig(A-B*F); 
>> % Closed-loop reduced-order observer poles 
>> % input desired lambda_obs  
>> %(reduced-order observer eigenvalues) 
>> K1T=place((C1*A*L1)’, (C*A*L1)’, lambda_obs); 
>> K1=K1T’ 

 
 
 

IV.  SIMULATION EXAMPLE: AN AIRCRAFT FULL- AND 
REDUCED-ORDER OBSERVER DESIGNS 

In this section we consider an aircraft mathematical model 



 
 

 

taken from [7], whose state space matrices are given by 
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The obtained differences between the actual state 
trajectories and the estimated state trajectories using the full- 
and reduced-order observers are presented in Figures 4 and 5. 
In both cases the initial conditions for the observers are 
obtained using the least square formulas [13].  

 
Figure 4: Full-order observer estimation errors 

 
Figure 5: Reduced-order observer estimation errors 

)(ˆ)( txtx −  with )(ˆ tx  obtained from (34) 
It can be seen from Figures 4 and 5 that the reduced-order 

observer is superior over the full-order observer. Not just that 
there are no observation errors for two state variables directly 
measured, but even those observed by the reduced-order 

observer are more accurate than the corresponding ones 
observed by the full-order observer. Note that the eigenvalues 
for both observers are placed to be of the same speed. The 
reduced-order observer values are placed at -10, -11 and the 
full-order observer values are placed at -10, -11, -12, -13. 
Even more, the reduced-order observer is simpler for 
implementation since they are dynamical systems of lower 
order that the original systems. Processing signals that come 
from lower order dynamic systems is more accurate. 
Additional advantages of the reduced-order observer are that 
they require less number of sensors and less number of 
feedback loops for corresponding feedback control 
applications.  

V. CONCLUSIONS 
We have shown in detail how to implement full- and 

reduced-order observers in MATLAB/Simulink and presented 
corresponding fundamental derivations and results. We hope 
that this presentation will motivate undergraduate and 
graduate students to further study observers and use them as 
powerful tools for observing system dynamics and/or 
designing feedback control loops. Hopefully, control 
engineers will use more observers in their practice since these 
days they can be easily implemented using personal computers 
(PC in the control loop). 
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