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In this work, 19 undergraduate engineering students’ responses to a set of power series questions are collected 
at a university located on the Northeast region of the United States. Qualitative (video recorded oral interview) 
and quantitative (written) responses of the participants are analyzed. Understanding learners’ ability to construct 
and reconstruct certain mental structures and organizing them in schemas to solve mathematical problems are 
the main goals of the analysis. The results of this work can help mathematics and engineering educators to 
develop a successful teaching methodology after weaknesses of the students are investigated. A new analysis 
methodology called Triangulation of the data is also introduced in this work. The collected data is analyzed by 
using both Action-Process-Object-Schema (APOS) and the Triangulation methodologies. The analysis of the 
research question indicated most of the participants Action classification. The Triangulation methodology can 
also be used by educators for evaluation of learners. 

1. Introduction 

It is the nature of engineering and mathematics educators to find out about engineering students’ success in 
answering calculus questions, particularly the questions that involve more than one calculus concept that 
requires to know other calculus concepts. Efforts have been made in understanding engineering students’ ability 
to respond calculus questions in Science-Technology-Engineering-Mathematics (STEM) fields that require 
knowledge of more than one calculus concept [9] and more research results are added every year to these results 
for understanding students’ approach to solve these problems. New teaching methods are designed to serve 
STEM students better by using these results. Empirical data collected on university students’ answers to 
conceptual calculus questions is the key to measure their success in answering conceptual calculus questions 
with multiple underlying calculus concepts. For instance, understanding the calculus aspect of a function’s 
graph in two-dimensional space would require the knowledge of first and second derivatives, limit calculations, 
horizontal and vertical asymptotes, and the ability to connect all these concepts to be able to provide a correct 
answer to the question.  

We used Action-Process-Object-Schema (APOS) theory to analyze 19 undergraduate engineering students’ 
ability to respond to a calculus question that has multiple parts requiring the conceptual knowledge of first and 
second derivatives, limit calculations, horizontal and vertical asymptotes. The research methodology explained 
in this work received IRB approval at a university located on the Northeast region of the United States. The 
participants were undergraduate engineering students majoring in three different engineering disciplines: Civil, 
Industrial, and Mechanical. The collected quantitative data consisted of numerical responses of the research 
participants to parts (a) – (h) of the question related to a variety of different calculus concepts. APOS theory is 
applied to mathematical topics (mostly functions) by Asiala, Brown, DeVries, Dubinsky, Mathews, and Thomas 
in 1997 [1], and they explained this theory as the combined knowledge of a student in a specific subject based 



on Piaget‘s philosophy from 1970s [7]. The collected qualitative data consisted of the transcription of the 
participants’ video recorded interviews; the purpose of the follow-up interviews was to explore the depth of 
students’ conceptual knowledge on the research subject. The quantitative analysis of the question consisted of 
probabilistic results of the correct responses attained for parts (a) – (h) of the question. Overall, qualitative and 
quantitative analysis of the data indicated strong horizontal and vertical asymptote knowledge of participants 
while the main weakness appeared to be determining the domain of the function when the first derivative of the 
function is positive and negative.  

2. Action-Process-Object-Schema (APOS) Theory  

Breidenbach, Dubinsky, Hawks and Nichols studied students’ conceptual view of the function in 1992 ([3]) that 
relied on Piaget’s study of functions in 1977 ([8]) in mathematics education used for forming action-process-
object idea ([8]). APOS theory is applied in 1997 ([1]) to mathematical topics (mostly functions); the theory is 
explained to be the combined knowledge of a student in a specific subject. It is used for observing conceptual 
construction of students on sub-concepts and schemas; researchers used this theory to observe mathematics 
learners’ ability to build on their existing knowledgebase. APOS theory was not always appropriate for data 
analysis of pedagogical research ([4]). Cooley, Trigueros and Baker reported results in 2007 ([5]) using 
thematization of schema with the intent to expose those possible structures acquired at the most sophisticated 
stages of schema development. Responses of research participants to a calculus graphing problem was analyzed 
in [2] by using APOS theory. The components of the APOS theory can be briefly explained as follows ([6]): 

 An action is a transformation of objects perceived by the as essentially external and as requiring, either 
individual explicitly or from memory, step-by-step instructions on how to perform the operation... 

 The individual reflects upon an action when the action is repeated and he or she can make an internal 

mental construction called a process by which the individual can think of as performing the same kind of 
action without an external support… 

 An object is results from individual’s awareness of the process’ totality and realizes that transformations 
can act on it... 

 A schema is a linkage of collected actions, processes, objects, and other schemas that help to form a 
framework by using general principles in individual’s mind... 

 
The nature of this research was appropriate to apply APOS theory because of the nature of the data and the 
involvement of mathematical concepts such as limits, derivatives, and asymptotes. Participants in this research 
were expected to look at a given graph and be able to respond to a set of questions step-by-step.  For a detailed 
review of the APOS theory see [6]. 
The next section contains the details of the research methodology used for collecting the data, APOS 
classification of the research participants, the triangulation methodology applied to analyze the data, and 
examples of research participants’ written responses used for APOS classification.  

3. Nature of the Collected Data & Analysis of the Data 

The empirical data displayed in the next section is collected during the 2018-19 academic year at a 
Northeastern mid-sized institution. Institutional Review Board (IRB) approval is attained for the conducted 
data collection procedure. The research participants were 19 engineering students and the participation 
requirement was completion of the second course of a three-course calculus sequence that totals to 12 credits. 
A research questionnaire was given to students to collect written responses initially. A video recorded follow-



up oral interview was conducted for asking participants additional questions on their written responses for a 
better understanding of their conceptual understanding.  A questionnaire consisting of several calculus 
questions was given to the participating students by three members of the research team. Pre- and post-
interview responses of the participants to the research question displayed in Figure 1 are evaluated in this work.  

 
Figure 1. IRB approved research question analyzed in this work for empirical data analysis.  
 

Examples of both the pre- and post-interview results along with the qualitative and quantitative analysis of the 
collected data are displayed in this section. The quantitative data analysis consisted of the statistical results in 
addition to the Triangulation and APOS classification while the qualitative data analysis was based on the 
responses of the participants. The analysis method displayed in this work can particularly help educators to 
design a structured method of grading while it can also help with viewing their students’ standpoint on 
understanding the concepts. 
APOS theory, as explained previously, can help following learners’ abilities in responding mathematics 
applications and how much they are capable of conceptualizing what they have learned; however, it doesn’t 
necessarily help with quantification of their knowledge from a measurable perspective. In this work we 
introduce a new method called Triangulation that is used for measuring participants’ correct responses 
depending on the difficulty level of the question. This method can be used by pedagogical researchers and 
educators to quantitatively measure learners’ understanding based on correct responses to a variety of questions 
that are related to each other based on the difficulty level of the questions.  

3.1 Triangulation of Participants’ Responses 

In this section we introduce the Triangulation methodology and how it is used for analysis of the empirical data. 
The fill-in-the-blank nature of the research question helped to summarize the research participants’ responses to 
all questions on a single spreadsheet as displayed in Figure 2 below. The responses in this figure are designed in 



such a way that the evaluator of the questionnaire can analyze the data easily and apply a method by which the 
most challenging question for the students is placed to the far right of the triangle and the easiest question is 
placed on the far left. The top row contains the question numbers while the column displays the research 
participants’ assigned research IDs. The highlighted areas in this figure display the correct responses of the 
participants. The RP order is listed from the most successful to the least successful for the most part; however, 
as expected, the correct responses of the participants are not uniformly distributed therefore the large triangle in 
this figure does not cover all the correct responses of the participants. The “/” sign is used between “pre-
interview” and “post-interview responses. The answers are highlighted if the post-interview responses are 
correct due to research participants’ ability to derive the correct answer eventually.  

 

Figure 2. All responses of the research participants to the research question with highlighted correct responses and 
triangulation of the correct responses. 

The triangle in Figure 2 contains a triangular coverage of most of the correct responses of the participants. 
There is a total of 209 responses displayed on Figure 2. 86.32% of the correct responses (101/117) fall within 
the large triangle displayed on the figure; even though the triangle does not contain all the highlighted correct 
responses, it is a strong indicator of the success of the students in a specific order. For instance, parts Q4-a2 and 
Q4-e of the question have the same number of responses however the “triangulation” of the data yielded to the 
specific question and participant order in the figure. The order of the questions in the spreadsheet can be 
organized in such a way that the questions are ordered from the least to most important question or vice versa, 
or without any order of the questions to form a triangulation of the responses. Part Q4-g might seem to be out-
of-place (or outlier) in the triangle however an adjustment can be made on the triangle to incorporate the 
responses if the evaluator decides to place more value on this part. 

The responses displayed in Figure 2  indicate the highest success level of participants 4, 18 and 19 while the 
second success group consisted of participants 2, 6, 7, and 12. The Triangulation of the correct responses also 
helped to observe an outstanding participant RP 7 whose responses to all the questions didn’t match with other 
responses; RP 7 was the only person who answered Q4-h2 correct however the participant’s response to Q4-h1 
was incorrect which lowered this participant’s classification within the group of participants. Mismatching 



correctness of the responses to Q4-h1 and Q4-h2 indicated incomplete conceptual understanding of the 
participant 7 that lowered the classification of the participant within the research participant group. The third 
group members consisted of participants 3, 8, 10, 13 and 16. The fourth group consisted of participants 1, 5, 11, 
14 and 15. The fifth group is formed by participants 9 and 17. These success groups are designed as a result of 
the number of correct responses within the corresponding challenge level of the question from left to the right. 
The ordering of the question can be instructor dependent and therefore the above-mentioned classification can 
change at instructor’s will. Table 1 below summarizes the correct response triangulation of the participants. 

Group Classification Participant (RP) Percentage (%) 

Fifth  9,17 10.52 

Fourth  1,5,11,14,15 26.32 

Third 3,8,10,13,16 26.32 

Second 2,6,7,12 21.05 

First 4,18,19 15.79 

Table 1. Classification of the participants based on the triangulation of correct responses  

3.2 APOS Classification & Triangular Evaluation of the Research Participants 

In this section we analyze the Action-Process-Object-Schema classification of the research participants. The following 
APOS descriptions that were introduced previously in the introduction will be used to classify the research data. 

 Action: The participants were able to transform the given information to the graph by performing the 
required operations to achieve the expected solution for limits, derivative or asymptote to an extent. The 
participants in this group respond to the research questions during the pre- or post-interview period based on 
each sub-calculus concept. 

 Process: The individual reflects upon the action when the action is repeated and he or she can make an 
internal mental construction called a process by which the individual can think of as performing the same 
kind of action without an external support. The participants classified in this group were able to answer the 
research question without any guidance from the researcher per sub-calculus concept covered in the question. 
For instance, part (e) of the question was the first question related to the second derivative of the function 
while part (f) is the second part of the derivative question at which the participant can make it a process to 
answer part (f) correct regardless of receiving help or not (from the interviewer) to answer part (e) correct. 

 Object: The individual is aware of the connectedness of the calculus sub-concepts that take place in the 
question (i.e. derivative, limit and asymptote) and uses this totality by transforming it to answer the questions 
correctly... 

 Schema: The participant links actions, processes, objects, and other schemas that help to form a framework 
by using general principles in mind. In other words, the participant can make informed judgement of each 
step of the calculus sub-concepts that take place on the graph and connects these sub-concepts to be able to 
answer the question correct. For instance, the participant should be able to tell that a concave down function 
with decreasing nature would have a negative second derivative value with a negative first derivative value; 
this would be the combination of answering parts (e) and (h) of the question correctly and the participant 
should realize that there is a connection between the responses to these two parts. 

 



Table 2 outlines the APOS classification of the participants based on the outlined APOS descriptions above. 
 

Classification Participant (RP) Percentage (%) 

Action 1,5,7,9,11,14-18 52.63 

Process 3,10,13 15.79 

Object 2,6,12 15.79 

Schema 4,18,19 15.79 

Table 2. APOS classification of the research participants 

The rest of this section is devoted to the responses of some of the participants to the research question. For 
instance, Participant 1 with the written work displayed below had hard time to make a connection between the 
parts of the question to have a comprehensive response to all parts of the question. The response of this 
participant contained conceptual conflicts for attaining a comprehensive solution for the entirety of the question. 

Figure 3. Response of Participant 1 who classified to be in the Action stage of APOS. 

Participant 2, who classified to be in the Object category, changed some of the responses (displayed in Figure 4 
below) during the oral interview and corrected some parts while having hard time to respond part (h) of the 
question. 



 

Figure 4. Response of Participant 2 classified to be in the Object stage of APOS. 

Participant 4 had a well-established conceptual understanding that was displayed during the oral interview. The 
response (shown in Figure 5) of this participant during the written portion of data collection was close enough 
to the expected correct answer.  

 

Figure 5. Response of Participant 4 who classified to be in the Schema stage of APOS. 

Participant 10 is classified to be at the Process level of APOS. This participant’s responses displayed in Figure 6 
to parts (a)-(h) were sophisticated, however, didn’t have a comprehensive approach to the solution with some of 
the mistakes made. 



 

Figure 6. Response of Participant 10 who classified to be at the Process stage of APOS. 

Participant 18 is classified to be in the Schema level of APOS and showed a strong knowledge of the 
connection between the concepts during the oral interview. This participant was able to respond to the written 
questionnaire correctly and explain the connection between the concepts in detail during the oral interview. 

 

Figure 7. Response of Participant 18 who classified to be at the Schema stage of APOS. 

4. Conclusion 

In this work, the emphasis is given to understanding and measuring engineering students’ ability to respond a 
variety of calculus questions after analyzing a graph of a function which is commonly seen in STEM 
applications. The responses of 19 undergraduate students to a research question are analyzed qualitatively and 
quantitatively. The data is collected at a mid-sized Northeastern university in the United States with the 
attainment of the IRB approval to conduct the research. The qualitative data analysis consisted of transcribed 
written questionnaire responses of the participants to the research question while APOS classification and the 
triangulation of the correct responses of the participants are the two quantitative analysis methods used for 
measurable outcomes. Table 3 and Figure 8 below summarizes the participants’ classification to the research 
questions.  



Classification Triangulation of the correct responses APOS classification 

Sub-classification Fifth Fourth Third Second First Action Process Object Schema 

Participant (RP) 9,17 1,5,11,
14,15 

3,8,10,
13,16 

2,6,7,12 4,18,19 1,5,7,9,11,
14-18 

3,10,13 2,6,12 4,18,19 

Percentage (%) 10.52 26.32 26.32 21.05 15.79 52.63 15.79 15.79 15.79 

Table 3. Summary of the APOS classification and Triangulation of the correct participant responses. 

   

  Figure 8. APOS classification and Triangulation of participants. 

The following APOS classification is applied for attaining the results in Table 3 above. 

 Action: The participants were able to transform the given information to the graph by performing the 
required operations to achieve the expected solution for limits, derivative or asymptote to an extent. The 
participants in this group respond to the research questions during the pre- or post-interview period based on 
each sub-calculus concept. 

 Process: The individual reflects upon the action when the action is repeated and he or she can make an 
internal mental construction called a process by which the individual can think of as performing the same 
kind of action without an external support. The participants classified in this group were able to answer the 
research question without any guidance from the researcher per sub-calculus concept covered in the question.  

 Object: The individual is aware of the connectedness of the calculus sub-concepts that take place in the 
question (i.e. derivative, limit and asymptote) and uses this totality by transforming it to answer the questions 
correctly... 

 Schema: The participant links actions, processes, objects, and other schemas that help to form a framework 
by using general principles in mind. In other words, the participant can make informed judgement of each 
step of the calculus sub-concepts that take place on the graph and connects these sub-concepts to be able to 
answer the question correct.  

 
In this work we introduced the Triangulation method to categorize participants’ correct responses. This 
method’s results displayed in Figure 2 contains a triangular coverage of the correct responses of the 
participants. 86.32% of the correct responses (101/117) fall within the large triangle displayed on the figure; 
even though the triangle does not contain all the highlighted correct responses, it is a strong indicator of the 
success of the students in a specific order. This method can be used by educators to evaluate questions of 
similar questions’ numerical evaluation. 
 

APOS Classification

Action Process Object Schema

Correct Response Triangulation

Fifth Fourth Third Second First



The comparison of the results in Table 3 can clearly indicate the difference between the APOS theory 
application and the triangulation of the correct responses of the participants. Even though there is an overlap in 
each group of participants, APOS theory analyzes the responses from conceptual building blocks of knowledge 
while triangulation of responses directly relies on the responses to the concepts. The triangulation of the 
respondents’ correct responses appears to be much easier to apply for numerical evaluation when compared to 
the APOS theory classification for quantitative classification. We invite other researchers to apply the 
techniques that we used and introduced in this work to other empirical data sets for attaining measurable 
outcomes. 
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