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Studying the Reliability and Validity of Test Scores for Mathematical and

Spatial Reasoning Tasks for Engineering Students

Background and Motivation

The purpose of this paper is to summarize the reliability and validity of scores for several
mathematical and spatial-reasoning constructs that are keys to academic success in engineering. In
this study, we examine the scores for two mathematical constructs and two spatial-reasoning
constructs. The mathematical constructs represent students’ abilities to: M1 compare and contrast
mathematical operations (e.g., differentiation, integration, interpolation); and M2 represent
engineering- and physics-based principles mathematically.

The two spatial reasoning constructs focus on students’ skills at: S1 rotating and transforming
geometric objects in three-dimensional space; and S2 translating two-dimensional images to three-
dimensional images and vice versa when representing visually physics-based principles such as
acceleration, equilibrium, and force.

A student’s understanding of mathematical concepts and the physical interpretation of these
concepts is essential in engineering courses. Learning and developing these skills, however, is
often not taught in math courses and is taken as a prerequisite in engineering courses. Astatke et
al.! investigated how a physical understanding of mathematics can be taught to students in a pre-
calculus course. Cardella and Atman? have studied how engineering students use mathematics in
an engineering capstone design course. Students in the study used mathematics as a tool, as a
problem solving method, and also as a way to describe physical problems.

Spatial-reasoning measures have also received attention in the literature because of the importance
in determining academic success in engineering. Devon, Engel, and collegues®* determined that
the students’ ability to rotate and transform geometric objects in three-dimensional space is related
to graduation and retention patterns in engineering programs. Sorby” has developed assessment
tools and a training course to improve students’ three-dimensional spatial skills. Similarly,
knowing how forces are represented visually in diagrams is a skill that successful engineering
students have. However, many college students have difficulty understanding how physics-based
principles are represented visually. As a result, the types of problems assigned in courses like
statics and thermodynamics that utilize these visual representations may be one reason these
classes are perceived as difficult. Wai et al.? provide evidence that spatial ability is also important
in other STEM (science, technology, engineering and mathematics) disciplines.

The challenge that students encounter in engineering courses potentially increases as no construct,
skill, or strategy operates in isolation of one another. Research from cognitive psychology’®
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provides ample evidence that constructs must be coordinated or integrated if students are to reach
levels of competence or proficiency within their domain. Therefore, in this article, we attempt to
show how to build instruments that can measure multiple mathematical and spatial reasoning
constructs that are viewed as important in the domain of engineering. First, we provide definitions
and example items for each mathematical and spatial reasoning variable of interest. Second, we
summarize preliminary information about the reliability of scores for each scale we have
developed. Third, we analyze the validity of scores by relating each outcome to well-known
academic achievement criteria such as GPA and grades in coursework. Fourth, we examine a
preliminary factor structure of all constructs to examine the interplay among dimensions given
item responses. Finally, we also test whether means for the four constructs are similar by major
area of study in engineering, and we report the overall reliability of the items for the instrument.

This paper presents the results from a survey completed by a sample of 83 students enrolled in a
Thermal Science course. Most students completing the survey had declared their major area of
study in civil engineering (n = 43). Other programs of study represented included: a) aerospace
engineering; b) architectural engineering; c) electrical engineering, and, d) industrial engineering.
For students in aerospace engineering and architectural engineering, the Thermal Science course is
a required course taken in fourth semester. For students in civil engineering, this course is taken in
sixth semester. The Thermal Science course is used as a technical elective in the electrical and
industrial engineering programs. Most students were enrolled in a dynamics course at the time
they completed the survey. Most students had enrolled previously and completed coursework in
both Engineering Design as well as Calculus and Analytic Geometry. Reported grades for these
courses were also available for analysis along with self-reported Grade Point Average (GPA).

Mathematical Test Items: Constructs M1 and M2

The use of mathematics in solving and communicating engineering analysis can be an obstacle for
some students. In describing the use of mathematics in engineering, we have distinguished
between two different constructs, listed above as:

M1 compare and contrast mathematical applications relevant to solving varied problems in
engineering;

M2 understand how the engineering quantities (e.g. force, work, power, and flow rate) are
described by the mathematical representations (e.g. integration, differentiation, or
interpolation) presented in statics, dynamics, thermodynamics, and fluid mechanics.

Although these two constructs are similar, we have listed them separately to better define the
particular usage of mathematics that a student finds challenging. The following two examples will
better define these constructs.
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Mathematical Test Items: Construct M1

Construct M1 refers to an understanding of the mathematical equations and solution methods

without relating it to a physical quantity such as force, pressure, or power. An example of this type
of problem is:

M1.3 The function y = f(x) is shown on the graph. Circle all statements below that are true:

dy| _ dy
a. —= > ;
dz|, dxl, Yy
dy| d |
b, oy 4y 5
dr|, dxl, 1 1
C location 1 is an inflection point 7
d2 T X 1
d —% >0
‘ dz”|,
d2
o —1 <0
dz”|,

Figure 1. Example of Construct M1.

To answer this question, a student must have an understanding of derivatives but there is no
relation to physical quantities. Problems of this type can also be presented using different
variables, say (y,T) instead of (x,y). Although the problem still uses variables with no physical
interpretation, some students will find the second problem to be much more difficult because
textbooks and instructors in calculus classes use (x,y) in most if not all problems. This finding
might lead us to change the variable names throughout a calculus course and not always use (X,y).

Reliability Results for Construct M1

In total, 11 items were designed to measure this construct. Scores were assigned dichotomously as
correct =1 or incorrect = 0 for each item. To estimate the reliability of scores, we used the the
Kuder-Richardson 20 (KR20) procedure, which is an index of internal consistency®. The KR-20
estimate for the scores was .61 after one item was deleted because the item-total correlation
coefficient was negative. For a 10-item scale, this reliability estimate seems acceptable.
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Validity Results for Construct M1

To examine the validity of scores, we studied patterns of association with the three academic
achievement external criteria: a) reported grades in Engineering Design; b) reported grades in
Analytic Geometry and Calculus; and, ¢) reported GPA. We hypothesized that scores for
Construct M1 should be significantly related to both overall GPA and grades in the mathematics
course. There was some support for this hypothesis. Since the distributions for M1 scores and
GPA were approximately normal, we used the Pearson correlation coefficient to study the
association between scores. The Pearson correlation coefficient between M1 scores and GPA was
+.33. Grades in the Engineering Design and Analytic Geometry and Calculus courses were
reported as letter grades, thus these course grades were analyzed as ordinal scales of measurement.
Therefore, we studied the relations between M1 scores and these ordinal grade scales using the
Spearman Rank correlation coefficient. The Spearman Rank correlation coefficient between M1
scores and mathematics grades was +.31. The Spearman Rank correlation coefficient between M1
scores and Engineering Design grades was .21.

Mathematical Test Items: Construct M2

The second use of mathematics tested is Construct M2 that applies a physical meaning to the
variables in the equation.

M2.5 If h represents the height of water in a tank and t represents time, what does the following
equation tell you about the height of the water in the tank?

dh
dt
The height of the water is negative.

The height of the water does not change with time.
The height of the water is increasing with time.
The height of the water is decreasing with time.

® oo oo

Insufficient information given to answer the question.

Figure 2. Example of Construct M2.

Figure 2 is an example of Construct M2. This question has added a physical meaning to each
variable and asks for a physical interpretation of the differential equation. To answer this question
requires several skills: understanding the definition of a derivative, using variables (t,h) instead of
(x,y), and relating this equation to a physical process. For an unsteady problem such as this, the
physical process cannot be easily communicated using a figure drawn on paper. Students must be
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able to mentally visualize a “movie” to understand the problem. Similar complications occur for
three-dimensional problems that are shown as a two-dimensional representation. Another example
of Construct M2 is shown later in this paper as Figure 5.

Reliability Results for Construct M2

We used KR20? to estimate the reliability of scores for Construct M2. Six items comprised this
scale, and the reliability coefficient was .55. No items had to be deleted given inspection of the
item-total correlation coefficients. While only six items, the item difficulty estimates ranged from
1310 .94. We find these initial reliability statistics very good given the short scale.

Validity Results for Construct M2

No correlation coefficient was greater than .11 when studying Construct M2 with the external
criteria. This pattern of correlation coefficients suggests that Construct M2 is representing a latent
trait that may not be reflected in engineering coursework. Further, the pattern of results is different
than that observed for Construct M1. We did compute the Pearson correlation coefficient for
scores representing both M1 and M2. The degree of association was .44. While this value does
support a significant relationship, descriptively it is only moderate. As such, it appears that there is
evidence to support the hypothesis that Construct M1 is a different type of mathematical trait than
Construct M2.

Spatial Reasoning Items: Constructs S1 and S2

Two spatial reasoning constructs are important in engineering education:

Construct S1 involves the ability to rotate and transform geometric objects in three-dimensional
space. Similar to the Construct M1 in mathematics, this spatial reasoning can be perceived as a

general one that does not include reference to specific engineering- or physics-based principles.
Yet, the literature documents clearly* that students who solve problems well in engineering have
strong general spatial reasoning strategies.

Construct S2 requires translation of two-dimensional images to three-dimensional and vice versa
when solving engineering problems. This construct includes the interpretation of figures,
diagrams, and word descriptions that represent engineering- or physics-based principles. There are
two different skills that are included in this construct:

1. Three-view two-dimensional projection drawing to a three-dimensional perspective
drawing.

2. Relating different visual and mathematical representations of unseen quantities such as
velocity, force, pressure, or temperature.
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Spatial Reasoning Items: Construct S1

An example of Construct S1 is shown below in Figure 3. This figure was used with permission
from a Mental Rotation Test developed by Devon et al.** Three items from that test were
included in the current investigation.

S$1.2 Which figure below is a rotation of the first?

Fe s ¥

Figure 3. Example of 3D rotation, Construct S1.

Reliability Results for Construct S1

The reliability estimate for Construct (S1) was only .33; however, the scale included only three
items. The item difficulty estimates were: .48, .66, and .94. Based on these results, we will
include more items on the survey in future studies.

Validity Results for Construct S1

No correlation coefficient was greater than .17 when studying the associations among Construct
(S1) scores and the external criteria. This pattern of results suggests that the type of spatial
reasoning measured by the scale is not related to variables that lead to assignment of grades in
engineering coursework.

Spatial Reasoning Items: Construct S2

Engineering also includes the analysis and interpretation of unseen quantities such as velocity,
force, pressure, and temperature. Engineers often describe unseen quantities visually in graphs and
figures. Students sometimes have difficulty in interpreting these graphs and figures, sometimes
considering both coordinates as spatial coordinates and the plotted curve as a physical line or
boundary. When the quantity is plotted using a cross-section of the geometry, the spatial
visualization also presents a challenge. Figure 4 presents an example of the laminar velocity
profile in a pipe presented in three different ways: using a velocity profile, surface contour, and
uniform velocity contours. Each representation includes two different answers. In each row of
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answers the student needs to decide if the first, the second, or neither of the figures describes the
given velocity profile. These types of representations are used in many engineering courses.

S2.4. Mark all figures that are a visual representation of U(r) =1-r* where  is the radial coordinate and
U is the velocity.

A r

»
: |
-
v
c
®
i/ |
v
c

Figure 4. Example of various representations for Construct S2.

Reliability Results for Construct S2

Four items comprised the scale for Construct S2. The KR20 estimate was .50, which we

interpreted as a very good reliability coefficient given the short scale. Item difficulty values were
in the range of .27 to .81.

Validity Results for Construct S2

To a small degree, scores for Construct S2 were associated with reported grades in Analytic
Geometry and Calculus, +.25. Also, the correlation coefficients between Construct S2 scores and
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mathematical construct scores (M1), +.51, and (M2), +.40, were not only significant, but also these
indices of association were greater than that computed between Construct S1 and Construct S2
scores, +.24. From these results, we conclude that there is likely an important variable interplay
between this type of spatial reasoning and mathematical performance required to be successful in
engineering courses.

Factor Analysis of Four Constructs

Therefore to explore further how the four constructs, M1, M2, S1, and S2 were related, we ran a
factor analysis using the 23 item scores (i.e., M1 = 10 items; M2 = 6 items; S1 = 3 items, S2 =4
items, Total Items = 23). While the sample size (n = 83) is considered small for a factor analysis
given the frequency of items™®**, we thought that study of the factor loadings and cross loadings
might help us describe some of the patterns in the relations between constructs for this particular
sample of participants. In particular, M1 and S2, were the most strongly correlated pair given the
four sets of scores for this sample.

Orthogonal and oblique solutions were compared based on a principal axis factor analysis. The
orthogonal solution results in a factor structure where the four constructs are statistically
independent of one another while the oblique solution summarizes the factor correlations between
constructs’®*!, Therefore, in the oblique solution, the correlation coefficients between factors may
be sufficiently large to suggest that these factors can be combined.

A comparison of the orthogonal and oblique factor solutions demonstrated that both factor
loadings and cross-loadings for a four-factor solution were comparable. Since only one cross-
loading was greater than .40 for either solution, the orthogonal solution was interpreted as it is
much easier to describe than a oblique solution'*. The four-factor solution explained 29.44 percent
of the variance in scores. Eigenvalues were: a) 3.34 for Factor 1; b) 1.42 for Factor 2; c) 1.20 for
Factor 3; and d) .82 for Factor 4.

Table 1 presents the orthogonal solution for four factors. Only the factor loadings are presented in
the table given the orthogonal solution. As such, the cross loadings are not included. The items are
listed for each factor given the size of the loadings. Eleven items loaded onto Factor 1. The first
six of these items represented 2 M1 items, 1 M2 item, and 3 of the 4 S2 items. All of these
loadings were greater than .40, which implies that those item scores contribute to defining the
construct or the latent trait. Inspection of the set of items demonstrates that many of these items
focused on concepts related to acceleration, motion, and rates of change. The loadings for this
factor also show that this construct or latent trait represents a combination of both M1 and S2
skills. Thus, the pattern of loadings also helps to describe why the M1 and S2 total scores were
moderately correlated.
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Construct Factorl Factor2 Factor3 Factor4
S2 (item4) .69

M1 (item3) .56

M1 (item10) .55

M2 (item4) 48

S2 (item3) A7

S2 (iteml) 42

M1 (item8) .33

M1 (item9) .30

M1 (item1) .30

S1 (item2) 27

M1 (item2) 19

M1 (item7) .53

M2 (item3) 44

M1 (item4) 42

M1 (item6) .36

M2 (item1) .82

M2 (item2) .63

M2 (item3) .61
M1 (item11) .55
M2 (item6) 40
S2 (item2) .39
S1 (iteml) .32
S1 (item3) 25

Table 1. Orthogonal factor loadings for M1, M2, S1, and S2 items.

Factor 2 includes 3 M1 items and 1 M2 item. All of these items appear to test knowledge of
functions or algebraic expressions.

Factor 3 includes two of the M2 items, and these items also focus on algebraic expressions;
however, the stem of both problems introduces a visual representation that illustrates the
distribution of pressure on surfaces. One of these problems is shown in Figure 5. As such, the
stem of each item requires understanding of physics principles, while the option set includes
possible algebraic equations that reflect the distribution of pressure on surfaces given arrows
presented in each stimulus diagram.
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M2.2. Pressure P(x,y) varies on the surface of a rectangular plate as shown, where (x,y) are coordinate
distances from the lower left hand corner of the plate. a and b are positive constants with
appropriate units.

Which function describes the distribution of pressure on the plate?

a. P(z,y)=ax+b

b. P(z,y)=—-azr+b

o

P(z,y) = ay + bx

o

P(z,y)=ay+b

e. None of the above

Figure 5. Example of pressure visualization question for Construct M2.

Factor 4 also includes two of the M2 items along with 2 of 3 of the S1 items. This set of items
appears to require the skill to understand derivatives given real-world problem-solving scenarios in
physics. As such, the representations included in both the stem and options of the items for Factor
4 are different when compared to those representations of the stems and items of Factor 3.
However, selecting correct responses to both sets of M2 items does require mapping understanding
of physics principles to mathematical expressions of these principles. It is also important to note
that 2 of the 3 S1 items are the last to be summarized in the factor analysis with loadings on Factor
4 of .32 and .25, respectively. Again, because of the small sample size, results should be described
cautiously. However, the results do imply two things: a) S1 is a very different type of construct
than M1, M2, and S2; and, b) more S1 items should be included on the test as the sample size is
also increased to represent more sets of responses provided by students.

Differences Among Major Areas of Study and Overall Reliability

Finally, we compared the means for the M1, M2, S1, and S2 scores by major area of study.
Specifically, we analyzed mean differences for students whose major was in civil engineering (n =
43) compared to all other major areas of specialization (n = 40). Results of independent t-tests for
comparison of two groups showed no significant differences, t’s < 1.65, p’s > .10. These results
indicate that scores for M1, M2, S1, and S2 were similar for all major areas of study represented in
this investigation. Additionally, and as one final estimate of the reliability of scores, we analyzed
the KR20 for the complete set of 23 items summarized in the factor analysis. The KR20 was .76,
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which suggests there was high internal consistency given the complete scale. Given that the factor
structure demonstrated that, with the exception of Factor 3 (i.e., M2: pressure on surfaces of a
plate), that each factor represented combinations of M1, M2, S1, and S2 items, future research
should explore whether there is possibly one second-order mathematical-spatial reasoning trait that
is related to various first-order constructs that represent different kinds of mathematical and spatial
reasoning skill given the types of representation (e.g., equations, graphs) and physics concepts
(e.g., acceleration and motion vs. forces and pressure) in both the stems and options of the items.
A significantly greater sample size would be needed to conduct this analysis than the sample size
for which we could summarize results in this manuscript; however, descriptive patterns do suggest
that results may be related to how various external representations are mapped. Research in
cognitive and educational psychology by Ainsworth and her colleagues***® would also indicate
that the line of inquiry on how students use multiple external representations is one to consider as
we plan additional investigations in our program of research.

Summary

While preliminary, we interpret our results as encouraging as we attempt to measure four different
constructs that we believe are keys to academic success in engineering. Two constructs represent
mathematical skills or traits. Two constructs represent spatial reasoning strategies or traits.
Correlation coefficients indicated there were some moderate associations between pairs of
constructs (e.g., M1 and S2), and a preliminary factor analysis showed that part of the relation
between constructs may be related to the types of external representations (e.g., diagrams,
equations, graphs) presented in the test items or the primary physics concepts (e.g. acceleration,
force, motion) for which the items have been designed to assess achievement in engineering. In
the future, we will plan studies so that more items are included on each scale. Further, we will
attempt to replicate the initial findings reported in this manuscript. If correlation coefficients
between scores are at best moderate, then this pattern of results has important implications for
assessment, teaching, and research in engineering education. Simply, it implies that the skill set
required to succeed in engineering may be multidimensional. As such, a set of various tasks or
tests are needed to help students understand their profiles of strengths and weaknesses as they
attempt to meet degree requirements in this, sometimes, challenging field.

In future research, it might be important to study how students think aloud as they solve problems
not only within one construct set, but also, how they compare and contrast the problems they
attempt to solve across sets. A mixed-methodological approach where we study both test scores
with verbal reports might help us understand more about the complex processing required to
complete exercises successfully. Further, verbal protocol summaries might reveal the role of one
or more external representations given how students interpret problems in engineering and the
processes they use to select or construct solutions for these problems.
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