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Introduction

Applied mathematics courses usually include topics from physics and engineering but seldom
consider financial concepts. This omission is easy to remedy because the essential ideas of
investment growth resulting from compounded investment earnings can be explained with a
simplefirst-order differential equation. The current article analyzes what can be appropriately
called the save-spend problem where funds earning interest are saved over one period and are
consumed during a subsequent period. Special cases of this problem include mortgage financing
aswell as pension saving.

M athematical Formulation

Investment capital Q growing due to asaving rate S(t) while simultaneously earning a

continuously compounded, after-tax, rate of investment return R satisfies the differential
equation

QM) =RQ(M)+S(t), Q(0)=gq,.

The general solution of this equation for constant R is
t
Q(t) =e"[d, + [e™ S(t)dt]
0

Inflation usually existsin real situations so it is desirable to think in terms of inflation adjusted
capital defined by

q(t) =Q()e™

where | istheannual inflation rate. When | iszero, then gsimply reducesto Q. The
differential equation for q(t)is

q(t) =(R-1)g+S(t)e™, a(0) =g,

The form used herefor S(t) models a saving period followed by a payout period so that
S(t)=se™, 0<t<t and S(t)=-pe™, t>t,

where s, pand A are constants. Constants sand p are called the saving and payout rates.
Parameter A, referred to as the saving growth constant, quantifies the rate at which S(t) changes

to account for inflation and wage growth. Common choicesfor A include A=0and A=1. The
differential equation for q(t) becomes

q'(t) =rq(t) + se™ —(s+ p)e” (t >1,)
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wherer =R-1, a=A-1, and (t >t) meansonefor t>t, and zero otherwise. Integrating
the differential equation gives

+
q(t) - qoert +E[ert _ eat] _ (S p) eatl[er(t—tl) _ ea(t—tl)] (t > tl)
u u
whereu=r —a. Thevalueof gqattimet, is
S
G :qoertl +_[ert1 _eatl]
u

This equation quantifies how savings grow through interest compounding. In adlightly different
sensg, it can be used to compute the payment needed to retire a mortgage loan. For example,

reducing an initial debt amount of —q, to zero at time t, would require an annual payment of
ss=q.u/[l-e™]

Next, let us turn to the important case involving asaving phasefor 0 <t <t, and a payout phase
fort, <t<T where T =t, +t,. Denoting q(t, +t,) by g, gives

(st p)
u

q, = ,e” + e -] - e™i[e™ —e™]
u

A dlight rearrangement of the last equation leadsto

de -1 - pll-e"]=ue"™ " [q, ~que" ]

where u =r —a. Thisequation, relatings, p,q,and g, linearly, can be solved for any one
parameter when the other three are given. An important special case occurring when g,and g,
arezerois

p=sg(ut,t), gut,t)=[e"-1/1-e"].

This equation determines the saving rate needed to produce a desired payout or the payout

resulting for a given saving rate. The following three examplesillustrate use of the formulas just
devel oped.

1) What isthe monthly payment needed to repay a $150,000 home mortgage financed at 8%
over 30 years? Taking g, =0, R=0.08, A=1 =0.0,t, =30leadsto
_(150000)(0.08)
- (12)(1_ e—(so)(o.os))

Thisvalue is quite close to the monthly payment of $1100.66 obtained from mortgage
tables.

=$1099.77 per month

2) Suppose someone wants to save amillion dollars, inflation adjusted, over a 40 year period.
Savings earn 8%, inflation is 4%, and the savings rate will be increased to match inflation.
What monthly saving rate is needed? Taking

g, =$1,000,000, R=0.08, A=1 =0.04, r =0.04, a=0.00 leadsto
_ (1E6)(0.04)
P 12 -y

3) An engineer expects to work for 40 years and retire for 20 years. He wants to have an
inflation protected pension of $2500 per month. Initial and final savings will be zero. If
savings are expected to earn 8%, inflation is 4% and the saving rate will be increased to

= $843.23 per month.
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match inflation, what monthly saving rate during the 40 year work period will suffice to

support the desired pension? Taking R=0.08, A=1 =0.04, p =(2500)(12) = $30000 per

(30000) (1 - ey
(12)(e(-04)(40) - 1)

year leadsto ss= = $348.25 per month.

The above examples assume a conservative 8% rate of investment return. It may be worth noting
that, over the past fifty years, the Dow Jones industrial average, with dividends reinvested, has
earned an average annual return of about 12% while the rate of inflation has been close to 4%.
Furthermore, a self employed worker earning $40,000 per year now pays $6120 annually in
Social Security and Medicare taxes. Assume that worker will be employed for 40 years and will
retire for 20 years. Someone investing $6120 annually and achieving an investment return 4%
aboveinflation, could fund an annual pension of $43,900. Similarly, if the individual were
fortunate enough to beat inflation by 6%, the pension would be $87,700 per year! Presently, the
maximum amount which one wage earner and his spouse can receive after age 65 isless than
$34,000 even though self employed workers earning as much as $68,000 have to pay about
$10,000 per year in Social Security and Medicare taxes. A little reflection shows that the Social
Security and Medicare systems, are relatively unattractive when considered from the viewpoint
of retirement programs.

4) The previous examples overlooked tax considerations. Suppose a married couple earns
$42,000 after taxes. The couple expects their yearly income, saving, and spending to grow
1% over inflation throughout the next sixty years. They plan to put $3000 yearly in a Roth
IRA devoted to an S& P 500 Index fund which earned an average return of 18.6% yearly over
thelast 10 years. If a conservative return of 10% is anticipated during 40 working years and
20 retirement years, what pension amount can be expected at time of retirement? Take
s=3, R=10, A=51=4,t,=40,t, =20. Thisleadsto r =6, a=1, u =5 so that
p = 3(e'®) —1)/(1- e7®)N*)) = $30.322 thousand per year. Since the investment growth
will exceed inflation by 1%, the pension value at retirement will be
(30.322) (e = $45.235 thousand per year and will increase 5% yearly for 20 years.
Consequently, theinitial pension upon retirement will significantly exceed theinitial living
expense amount of 42— 3 =$39thousand but will be significantly less than the living
expense amount of $58.181 thousand available immediately before retirement.

One further observation is appropriate regarding investments made periodically, such as by
monthly payroll deductions. When the investment return Ris compounded periodically, say k
times per year rather than continuously, an equivalent continuous approximation can be obtained
as R < klog(l+ R/k). Such acalculation is probably unnecessary for financial projections

where the expected rate of return isitself approximated. For instance, 10% compounded monthly
compares with a continuously compounded rate of 9.96%.
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Numerical Analysis

A MATLAB program was written to evaluate the above equations for arbitrary values of the
parameters q,,R, A l,s, p,t; and t,. The quantity q(t)isplottedfor O<t<(t, +t,). The
program listing and graphical output for a data case where

R=11 A=4,1=4, s=4, q,=10, g, =100, t, =40, t, =20

appears below. Datainput for the program is interactive when savspndr is called without any

input variables. A call using only oneinput variable, such as savspndr(0), produces results for
the data case just mentioned

savspndr;

ANALYZI NG THE SAVE- SPEND PROBLEM BY SOLVI NG
q (t)=(R1)*q+[s-(s+p)*(t>t1)] *exp((A-1)*t, q(0)=q0

I nput the percent return on investnent (R), the
percent rate of inflation (1), and the percent
rate at which saving and payout are increased to
offset inflation. (Typical values are 11,4, 4)

? 11,4,4

I nput the nunmber of saving years (t1) and the number
of payout years (t2). (Typical values are 40, 20)
? 40, 20

I nput four values defining saving rate (s), payout rate (p),
initial savings (g0) and final savings (g2). Use nan for one
of these values which will be conputed fromthe other three
(Typical s,p,q0,92 values in thousands coul d be 4, nan, 10, 100)
? 4, nan, 10, 100
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TOTAL SAVINGS WHEN T1=40, T2=20,5=4, p=094.8872
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Program Source Code

function [q,t,s,p, q0, ql, g2] =savspndr. ..
(RAI,t1,t2,s,p,q0,g2)

%[q,t,s,p,q0,ql, g2] =savspndr. ..

% (RAIT,t1,t2,s,p,q0, g2)

% This function sol ves the SAVE- SPEND PROBLEM

% where funds earning interest are accunul at ed

% during one period and consuned i n a subsequent

% period. The value of assets is adjusted to

% account for effects of inflation. This problem

%is governed by the differential equation

%aq (t)=(R1)*q(t)-[s-(s+p)*(t>t1)]*exp((A-1)*t)

% where the paraneters are defined bel ow

%

% R - annual percent earnings on assets
%1 - annual percent rate of inflation
% A - annual percent at which savings are
% increased to conpensate for inflation
%tl - length in years of the saving
% period where 0 <t <t1l
%t2 - length in years of the payout
% period where t1 <t < (t1l+t2)
%s - saving nultiplier ( $K per year) in the
% saving rate which is
% s*exp((A-1)*t), O<t<tl
%p - payout nmultiplier ($K per year) for the
% peri od when savings are consuned so the
% saving rate is negative and equal to
5
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% -prexp((A-1)*t), ti<t<(tl+t2)

% g0 - initial value of savings ($K)

% g2 - final value of savings at t=t1+t2, ($K)
%

% The data input node depends on MATLAB vari abl e
% nargi n. Wien nargin equals one, a default data
% case is used. Wien nargin is zero, interactive
% input is used. therw se the nine paraneters
%in the argurment |ist should be given.

%

%qg - vector of total inflation adjusted

% savings for O<t<(tl+t2)

%t - vector of tines (in years) corresponding
% to the conponents of ¢

% gl - the value of savings at t=t1

%

% NOTE: WHEN R |, A T1, T2 ARE KNOWN, THEN FI XI NG
% ANY THREE OF THE VALUES (0, s, p, g2 DETERM NES
% THE UNKNOM VALUE WHI CH SHOULD BE G VEN AS
% nan | N THE DATA | NPUT. | F ERRONEQUS DATA

% SPECI FYI NG ALL FOUR VALUES IS USED, THEN A
% CORRECT VALUE OF g2 |'S COMPUTED | N TERMS OF
% g0, s, AND p.

disp(’ '), disp([’

" ANALYZI NG THE SAVE- SPEND PRCBLEM BY SCOLVING ])
disp(...

(9" (t)=(RI)*q+[s-(s+p) *(t>t1)]*", ...
"exp((A-1)*t, q(0)=q0"]), disp(" ")

% Default data case
i f nargin==

R=11; A=4; |=4; t1=40; t2=20;
s=4; p=nan; q0=10; ¢2=100;

% Read data interactively
el sei f nargi n==

di sp([’ I nput the percent return on ', ...
"investnent (R), the'] )
di sp([' percent rate of inflation (1), ',...,
"and the percent’])

di sp([’'rate at which saving and payout are’,...

increased to'])
disp(['offset inflation. ',...
"(Typical values are 11,4,4)'])
[R1,Al =read; disp(’ )
di sp([’ I nput the nunmber of saving years ’',...
"(t1) and the nunber’])
di sp([’ of payout years (t2). (Typical ',...
"values are 40,20)'])
[t1,t2]=read; disp(’ ")
di sp([’ I nput four values defining saving ', ...
"rate (s), payout rate (p),’])
disp(['initial savings (g0) and final *,...
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"savings (g2). Use nan for one’'])
di sp([' of these values which will be',...
conputed fromthe other three'])
di sp([’ (Typical s,p,q0,092 values in’,...
" thousands could be 4, nan, 10,100)'])
[s,p, 90, g2] =r ead;

el se
if nargin<9, g2=0; end; if nargi n<8, g0=0; end
end

% Check to see whether data is correct
snan=sumn( i snan(s) +i snan(p) +i snan(q0) +i snan(qg2));
i f snan>1
disp(...
" DATA ERROR. ONE AND ONLY ONE VALUE AMONG )
di sp(’ THE PARAMETERS s, p, q0, g2 CAN EQUAL nan’)
return
el seif snan==
g2=nan;
end

[a,t,s,p,q0, g1, g2] =savespnd(. .
RAI,t1,t2,s,p,q0,02);

| abl=sprintf(’'R %.2f" ,R);
| ab2=sprintf(’I = 9%.2f",1);

| ab3=sprintf("A = 9%.2f",A);

| ab4=sprintf(’'q0 = %. 2f’, q0);

| ab5=sprintf(’'ql = %. 2f’',ql);

| ab6=sprintf(’'q2 = %. 2f’, q2);

plot(t,q, k')

title([’ | NFLATI ON ADJUSTED SAVI NGS WHEN ', . ..
'S = ,nun2str(s),’” AND P = ', nunRstr(p)])

titl=...

[ TOTAL SAVINGS WHEN T1 = ', nunBstr(tl),...

", T2 = ,nunRstr(t2),’, s = ', nunkstr(s),...

,p =,nunstr(p)]; title(titl)

x| abel (" TIME I N YEARS' )

yl abel (" TOTAL SAVINGS IN $K')
w=axis; ymn=w(3); dy=w4)-w3);
xnmin=w(1l); dx=w(2)-w(1);

yt op=ym n+. 9*dy; Dy=. 065*dy;
x| ft=xm n+0. 04*dx;

text (xIft, ytop, |abl)

text (xIft, ytop-Dy, |ab2)
text (xIft, ytop-2*Dy, |ab3)
text(xlft, ytop-3*Dy, |ab4)
text (xIft, ytop-4*Dy, |ab5)
text (xIft, ytop-5*Dy, |ab6)

grid off, shg
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function [q,t,s,p,q0, ql, g2] =savespnd. ..
(RAIT,t1,t2,s,p,q0,q2)

%[q,t,s,p,q0,ql, g2] =savespnd. ..

% (RAIT,t1,t2,s,p,q0,q2)

% See function savspndr for further discussion

% of the variables in this problem

% R - annual percent earnings on assets

%1 - annual percent rate of inflation

% A - annual percent at which savings are

% i ncreased to conpensate for inflation
%tl - length in years of the saving

% period where 0 <t <1t1l

%t2 - length in years of the payout

% period where t1 <t < (tl1l+t2)

%s - saving nultiplier ( $K per year) in the
% saving rate which is

% s*exp((A-1)*t), O<t<tl

%p - payout nultiplier ( $K per year) for the
% peri od when savings are consuned so the
% saving rate is negative and equal to

% -prexp((A-1)*t), ti<t<(tl+t2)

% g0 - initial value of savings ($K)

% qg2 - final value of savings at t=t1+t2, ($K)
%

%q - vector of total inflation adjusted

% savings ($K) for O<t<(tl+t2)

%t - vector of times (in years) correspondi ng
% to the components of ¢

% ql - the value of savings ($K) at t=t1l
r=(R-1)/100; a=(A-1)/100;

%I1f r equals a, shift paraneter a tiny amount
if a==r; a=r*(1+le-6); end; b=r-ag;

if t1==0, tl1l=t2/1le6; end;

if t2==0, t2=t1/1e6; end

% Li near equation relating s,p,q2 and qO

% cl*s- c2*p=c3*g2- c4*qo0;

cl=exp(b*t1)-1; c2=1-exp(-b*t2);
c3=b*exp(-a*t1l-r*t2); cd=c3*exp(r*tl+r*t2);

% Sol ve for the one paraneter which i s unknown
i f isnan(s)
s=(c2*p+c3*q2- c4*q0)/ cl;
el seif isnan(p)
p=(cl*s-c3*q2+c4*q0)/c2;
el seif isnan(q2)
g2=(cl*s-c2*p+c4*q0)/ c3;
el se
q0=(-cl*s+c2*p+c3*q2)/ c4;
end

% Savings at t=t1
gl=qO0*exp(r*t1)+s/b*(exp(r*tl)-exp(a*tl));
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% Conpute vectors for of t and g
n=max(1, round(100*t 1/ (t1+t2))); mM=99-n
t=[[tl/n*(0:n)],[t1+(t2/m(1:m)]];
q=g0*exp(r*t) +s/ b*(exp(r*t)-exp(a*t))...
-(s+p)/b*exp(a*t1)*(t>t1).*(...
exp(r*(t-tl))-exp(a*(t-t1)));

function [al, a2, a3, a4, a5, a6, a7, a8, a9, alo,
all, al2, al3, al4, al5, al6, al7, al8§,
al9, a20] =read(| abl)
%
% [ al, a2, a3, a4, a5, a6, a7, a8, a9, al0, all, al2, ..
% al3, al4, al5, al6, al7, al8, al9, a20] =r ead(I abl)

%

% This function reads up to 20 variables on one
% 1line. The itenms shoul d be separated by conmas
% or bl anks. Using nore than 20 out put

% variables will result in an error.

%

% | abl - Label preceding the

% data entry. It is set
% to’? "’ if no value of
% labl is given

% al,a2,...,a_hargout - The output variabl es
% whi ch are created

% (cannot exceed 20)

%

% A typical function call is:

%[A B C D =read(’ Enter values of A B,CD ')
%
% User m functions required: none

if nargin==0, labl="? ’'; end; n=nargout;
str=input(labl,”s’); str=["[",str,’]"];
v=eval (str); L=length(v);
if L>=n
v=v(1l:n);
el se
v=[v, zeros(1,n-1)];
end
for j=1:nargout
eval (['a ,int2str(j), =v(j);'1);
end
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